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Abstract
In this thesis we study different questions on scalar curvatures. The
first part is devoted to obstructions against existence of a (Riemannian)
metric with positive scalar curvature on a closed manifold. The second part
investigates the synthetic definition of scalar curvature bounded below on
metric measure spaces. In the third and fourth part, we define and study
weighted scalar curvature on a smooth metric measure space. We show
rigidity results about scalar curvature bounded below and a sphere theorem
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1 Introduction
Consideration of how the (flexible) topology influences the (possible) geometry of the
space started with the Gauss-Bonnet theorem and the influential work of Hopf in the 1930s.








as r → 0, where volE(Br) is the volume of the ball of radius r in the Euclidean space Rn
and S cg is the scalar curvature of (Mn, g).
A smooth function which is negative somewhere on a smooth closed n-manifold
(n ≥ 3) can be realized as the scalar curvature of a Riemanian metric according to the
Kazdan-Warner theorem [KW75]. If the closed manifold admits a Riemannian metric with
non-negative (but not identically zero) scalar curvature, then we can deform the metric
to a new Riemannian metric with positive scalar curvature using the result of Ricci-flow
arguments. Thus, it is natural to ask the following question:
Which manifold may admit a metric with positive scalar curvature (PSC-metric)?
Combining Schoen-Yau’s results on the structure of 3-manifolds with positive scalar
curvature and [SY79a] Thurston-Perleman’s Geometrization Theorem shows that closed
orientable 3-manifolds M admitting PSC-metrics must be spherical 3-manifolds, S 2 × S 1,
or the connected sum of spherical 3-manifolds and
∑
S 2 × S 1.
In four dimensions, Seiberg-Witten invariants can be used as a tool whether the mani-
folds admit a PSC-metric.
1 Introduction
In general, there are two fundamental approaches to the question. One is Schoen-Yau’s
minimal surface method [SY79b]. The other one is based on index theorical technique
which is invented by Lichnerowicz [Lic63] and is developed by Hitchin [Hit74], Gromov-
Lawson [GL83], Rosenberg [Ros83] and many others. In particular, Hitchin refined
Lichnerowicz’s result to show that a spin manifold Mn with a PSC-metric implies the
α-invariant α(Mn) living in the KO-group vanishes.
The question was settled by Stolz [Sto92] for closed smooth simply connected mani-
folds of dimensions≥ 5.
Theorem 1.1. For simply connected smooth n-manifold Mn (n ≥ 5),
• [Gromov-Lawson 1980] if Mn is not spin, then it carries PSC-metrics;
• [Stolz 1990] if Mn is spin, then it carries PSC-metrics if and only if α(Mn) = 0.
There are several survey articles about the scalar curvature of a Riemannian metric,
for example, [Ros07], [Sch14] and [Gro19]. One can find more previous results in those
papers.
The first part of this thesis investigates the obstructions to the existence of a PSC-metric
on a closed non-simply connected smooth manifold. In particular, this relates to the open
conjecture whether a closed aspherical manifold cannot admit a PSC-metric.
Based on index theory methods, Gromov and Lawson introduced enlargeability as
an obstruction based on index theory in [GL80]. Later, they relaxed the spin assumption
in dimensions less than 8 in [GL83, section 12]. Recently, Schoen and Yau showed that
the manifold Nn#T n carries no PSC-metrics by geometric measure theory and minimal
surfaces methods in [SY17], where Nn is any closed oriented smooth n-manifold and T n is
a torus. Then, Cecchini and Schick used Schoen and Yau’s results to show that a closed
enlargeable manifold cannot carry any PSC-metric in [CS21].
Both enlargeabilities mentioned above are defined on Riemannian metrics and need at
least C1-smoothness for the maps. Here an enlargeable length-structure will be defined for
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length metric spaces and the maps only require to be continuous. A metric space (X, d) is a
length metric space if the distance between each pair of points equals the infimum of the
lengths of curves joining the points.
We call that a topological manifold X endowed with a complete length metric is ε-
hyperspherical if it admits a continuous map f to S n (n = dim(X)) which is constant at
infinity, of non-zero degree and such that
Lip( f ) := sup
a,b
a,b∈X
dS n( f (a), f (b))
dX(a, b)
< ε.
Here constant at infinity means that there is a compact subset such that f maps the
complement of the compact subset to a point in S n and S n is endowed with standard round
metric. S n is also a length metric space induced by the standard round metric dS n .
Definition 1.2 (Enlargeable length-structures [Den21b]). A length metric d on a closed
orientable n-dimensional topological manifold Xn is said to be enlargeable if for each
ε > 0 there is an oriented covering manifold X̃n endowed with the induced metric d̃ that is
ε-hyperspherical.
An enlargeable length-structure on Xn is a BiLipshitz equivalent class of an enlargeable
metric.
An enlargeable Riemannian length-structure on a closed orientable smooth manifold
is an enlargeable length-structure that contains a length metric induced by a Riemannian
metric on the manifold.
The length metric induced by a Riemannian flat metric on T n is an enlargeable metric
and T n endowed with this enlargeable length-structure is an important example of the
manifolds with an enlargeable length-structure.
Theorem 1.3. [Den21b] Let Xn (2 ≤ n ≤ 8) be a closed orientable smooth manifold, then
Xn carries no PSC-metrics in its enlargeable length-structures.
3
1 Introduction
Davis, Januszkiewicz and Lafont [DJL12] constructed a closed smooth four-dimensional
manifold M4, which supports locally CAT(0)-metrics and whose universal cover M̃4 is
diffeomorphic to R4, but π1 is not isomorphic to the fundamental group of any compact
Riemannian manifold with non-positive curvature.
Our enlargeable length-structures can be used to detected new manifolds (comparing
with Gromov-Lawson’s method) which carries not PSC-metrics. For example, the locally
CAT(0)-metrics which were constructed by Davis-Januszkiewicz-Lafont above are strongly
equivalent to a Riemannian metric on the exotic aspherical 4-manifolds. Therefore, the con-
nected sum of a closed 4-manifold and a Davis-Januszkiewicz-Lafont’s exotic aspherical
4-manifold, as new examples detected by our methods, carries no PSC-metrics.
Assuming that the manifold has a PSC-metric, one may ask the question whether the
property of scalar curvature bounded below is preserved by taking some kind of limit of a
family of Riemannian manifolds, i.e. the stability of Riemannian manifolds with scalar
curvature bounded below. The question was inspired by the following facts.
The concept of lower bounded curvature on the metric space and its stability originated
with Alexandrov in the 1950s and has been studied extensively by Burago, Cheeger, Fukaya,
Gromov, Perelman and others. Furthermore, the properties of the limit of Riemannian
manifolds with sectional curvature bounded below were essentially used in Pereleman’s
proof of the Poincare conjecture [Per02]. Riemannian manifolds with Ricci curvature
bounded below were generalized to metric measure spaces and the question of stability was
mainly solved by Sturm [Stu06a] and Lott-Villani [LV09] independently. The structure
of Riemannian manifolds with Ricci curvature bounded below was explored by Cheeger-
Colding [CC97] in a series of articles and then it was used essentially in Chen-Donaldson-
Sun’s proof of the Donaldson-Tian-Yau conjecture [CDS15].
Since the limit of Riemannian manifolds with scalar curvature bounded below may
not be smooth or even a manifold, Gromov proposed a synthetic treatment of scalar
curvature bounded below, which is called the n-volumic scalar curvature bounded below
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(S cvoln ≥ κ) [Gro17]. Roughly, this means the measure is locally volume-wise smaller than
the model space and the idea is similar to the definition using comparison triangle in the
Alexandrov geometry. Furthermore, the n-dimensional Alexandrov space with curvature
≥ κ equipped with the volume measure satisfies Lott-Villani-Sturm’s weak curvature-
dimension condition for dimension n and curvature (n − 1)κ, i.e. CD(κ, n)-condition, as
shown by Petrunin [Pet11] and Zhu-Zhang [ZZ10].
The second part of this thesis proposes a modified definition of n-volumic scalar
curvature bounded below (S cvoln ≥ κ) and adds the n-dimensional condition to it.
Definition 1.4 (n-dimensional condition [Den21a]). For given positive natural number n,






for every x ∈ X, where Br(Rn) is the closed r-ball in the Euclidean space Rn and the Br(x)
is the closed r-ball with the center x ∈ X.
Then we combine the curvature-dimension condition CD(κ, n) with the n-dimensional
condition to show the following theorem.
Theorem 1.5 ([Den21a]). Assume that the metric measure space (Xn, d, µ) satisfies n-
dimensional condition and the curvature-dimension condition CD(κ, n) for κ ≥ 0 and
n ≥ 2, then (Xn, d, µ) satisfies S cvoln(Xn) ≥ nκ.
Since only the n-dimensional condition and the generalized Bishop-Gromov volume
growth inequality are needed in the proof, the curvature-dimension condition can be re-
placed with Ambrosio-Gigli-Savare’s Riemannian curvature condition RCD(κ, n) [AGS14]
or with Ohta’s measure concentration property MCP(κ, n) [Oht07].
As the metric measure spaces with S cvoln ≥ κ ≥ 0 may not be stable under measured
Gromov-Hausdorff convergence, we define the strongly measured Gromov-Hausdorff
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convergence on metric measure spaces, which requires the measures to converge strongly.
We also define the scalar curvature radius (SC-radius) on the metric measure spaces. Under
this premise, we prove the following:
Theorem 1.6 (Stability [Den21a]). If compact metric measure spaces (Xni , di, µi) with
S cvoln(Xni ) ≥ κ ≥ 0, SC-radius≥ R > 0, and (X
n
i , di, µi) strongly measured Gromov-
Hausdorff converge to the compact metric measure space (Xn, d, µ) with n-dimensional
condition, then Xn also satisfies S cvoln(Xn) ≥ κ and the SC-radius rXn ≥ R.
One potential application of stability results about scalar curvature is in general relativ-
ity as predicted by the Sormani-Wenger’s intrinsic flat convergence [LS14].
It is well-known that Gigli’s infinitesimally Hilbertian property [Gig15] of metric mea-
sure space can be seen as a Riemannian condition in RCD(κ, n) space. The infinitesimally
Hilbertian property can also be used as a Riemannian condition in the metric measure
spaces with S cvoln ≥ 0, so that we can restrict it to more regular spaces.
Definition 1.7 ([Den21a]). The compact metric measure space (X, d, µ) is a Riemannian
n-volumic scalar curvature≥ κ space (RS C(κ, n) space) if it is infinitesimally Hilbertian
and satisfies the S cvoln(X) ≥ κ ≥ 0.
Note that a n-dimensional Alexandrov spaces Aln(κ) with curvature bounded below by
κ is infinitesimally Hilbertian. Therefore, we have
Aln(κ)⇒ RCD((n − 1)κ, n)⇒ RS C((n(n − 1)κ, n)
on (Xn, d,Hn), where the measureHn is the n-dimensional Hausdorff measure that satisfies
the n-dimensional condition.
Motivated by the importance of Ricci Bakry-Emery curvature≥ κ [BE85], that is
RicMf = Ricc + Hess( f ) ≥ κ,
6
1 Introduction
on the smooth metric measure space (Mn, g, e− f dvolg) (also known as weighted Riemannian
manifolds in some references), where f is the C2-function on Mn, g is a C2-Riemannian
metric and n ≥ 2, it is natural to ask what is the right way to define the scalar curvature on
the smooth metric measure space.
In the third part of this thesis, we define and study the scalar curvature S cα,β on smooth
metric measure spaces by
S cα,β := S cg + α 4g f − β‖ 5g f ‖2g
for the smooth metric measure space (Mn, g, e− f dvolg). Note that here the Laplacian 4g is
the trace of the Hessian.
If an orientable closed surface with density (Σ, g, e− f dvolg) satisfies S cα,β > 0 and
β ≥ 0, then Σ is a 2-sphere, generalizing the classical Gauss-Bonnect result. We investigate
similar consequence of S cα,β > 0 in higher dimensions in the following theorem.
Theorem 1.8 ([Den21a]). Let (Mn, g, e− f dVolg) be the closed smooth metric measure
space with S cα,β > 0, then we have the following conclusions:
1. If Mn is spin manifold, α ∈ R, and β ≥ |α|
2
4 , then all harmonic spinors of M
n vanishes.
In particular, the Â-genus and the Rosenberg index of Mn vanish.
2. If the dimension n ≥ 3, α ∈ R, and β ≥ (n−2)|α|
2
4(n−1) , then there is a metric g̃ conformal to g
with positive scalar curvature.
3. If the dimension n ≥ 3, α = 2, β ≥ n−2n−1 , and (N
n−1, ḡ) is a compact L f -stable minimal
hypersurface of (Mn, g, e− f dVolg), then there exists a PSC-metric conformal to ḡ on
Nn−1, where ḡ is the induced metric of g on Nn−1.
4. Assume Mn is a spin manifold and there exists a smooth non-zero degree 1-contracting
map h : (Mn, g) → (S n, gst). If α ∈ R , β ≥ |α|
2
4 and S cα,β ≥ n(n − 1), then h is an
isometry between the metrics g and gst.
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In the fourth part of this thesis, we study the weighted scalar curvature in four dimen-
sions and show that if the dimension n = 4, α ∈ R, and β ≥ |α|
2
6 , then the Seiberg-Witten
invariants vanish.
In the fifth part of this thesis, we show a new rigidity result for Riemannian manifolds
with scalar curvature bounded below. Chern-Goldberg [CG75] defined Condition C for a
harmonic map between Riemannian manifolds. We use the harmonic map with Condition
C to prove the following theorem.
Theorem 1.9 ([Den21]). Let (M, g) be an orientable closed Riemannian n-manifold with
scalar curvature≥ n(n − 1). Suppose there exists a (1,∧1)-contracting map f : M → S n
of non-zero degree and that the map f is harmonic with condition C ≤ 0, then f is an
isometric map.
Inspired by the rigidity result, we also give a new sphere theorem about RCD(n − 1, n)
spaces in the fifth part of this thesis. The framework of Riemannian manifolds with
Ricci curvature bounded below is generalized to metric measure spaces (X, d, µ) satisfying
Riemannian curvature-dimension condition.
We combine this with bounds on mean distance. Mean distance is an old and well-
studied metric invariant in Graph theory, see [DG77]. Note that mean distance is also
called distance covariance in Probability, see [Lyo13].
Theorem 1.10 ([Den21]). Let (X, d,Hn) be a compact non-collapsed RCD(n− 1, n) space
with full support and md(X) be the mean distance of (X, d,Hn), then
I. md(X) ≤ π2 and md(X) =
π
2 if and only if X is isometric to the standard round n-sphere
S n andHn = adVol for some a, where dVol is the volume form of S n.
II. there is an ε(n) > 0 such that md(X) ≥ π2 − ε(n) implies that X is homeomorphic to S
n.
We use Ketterer’s maximal diameter theorem [Ket15, Theorem 1.4] and Honda-
Mondello’s topological sphere theorem [HM19, Theorem A] (for metric measure spaces)
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to prove the result. We also define a whole family of variants of the concept of mean
distance for metric measure spaces and prove sphere theorem for all of them.
9

2 Enlargeable Length-structures and
Scalar Curvatures
In this chapter, we define enlargeable length-structures on closed topological manifolds and
then show that the connected sum of a closed n-manifold with an enlargeable Riemannian
length-structure with an arbitrary closed smooth manifold carries no Riemannian metrics
with positive scalar curvature.
We show that closed smooth manifolds with a locally CAT(0)-metric which is strongly
equivalent to a Riemannian metric are examples of closed manifolds with an enlargeable
Riemannian length-structure. Moreover, the result is correct in arbitrary dimensions based
on the main result of a recent paper by Schoen and Yau [SY17].
We also define the positive MV-scalar curvature on closed orientable topological
manifolds and show the compactly enlargeable length-structures are the obstructions of its
existence.
This chapter comes from my published paper [Den21b].
2.1 Introduction
The search for obstructions to the existence of a Riemannian metric with positive scalar
curvature (PSC-metric) on a closed non-simply connected smooth manifold is an ongoing
project. Based on index theory methods, Gromov and Lawson introduced enlargeability as
2 Enlargeable Length-structures and Scalar Curvatures
an obstruction based on index theory in [GL80]. Later, they relaxed the spin assumption
in dimensions less than 8 in [GL83, section 12]. Recently, Schoen and Yau showed that
the manifold Nn#T n carries no PSC-metrics by geometric measure theory and minimal
surfaces methods in [SY17], where Nn is any closed oriented smooth n-manifold and T n is
a torus. Then, Cecchini and Schick used Schoen and Yau’s results to show that a closed
enlargeable manifold cannot carry any PSC-metric in [CS21].
Both enlargeabilities mentioned above are defined on Riemannian metrics and need at
least C1-smoothness for the maps. Here an enlargeable length-structure will be defined for
length metric spaces and the maps only require to be continuous. Combining enlargeable
length-structures with Gromov’s Spherical Lipschitz Bound Theorem (SLB Theorem)
[Gro18], a new obstruction to the existence of PSC-metrics and positive MV-scalar curva-
ture S cMV on a closed manifold is given. Details will be given later.
Theorem 2.1. Let Xn (2 ≤ n ≤ 8) be a closed orientable smooth manifold, then Xn carries
no PSC-metrics in its enlargeable length-structures.
Theorem 2.2. Let Nn (2 ≤ n ≤ 8) be an arbitrary closed oriented smooth n-manifold and
Mn be a closed manifold with an enlargeable Riemannian length-structure. Then Nn#Mn
does not admit a PSC-metric.
Remark 2.3. In fact, Nn#Mn does not admit a complete uniformly PSC-metric for any
oriented manifold Nn (2 ≤ n ≤ 8).
Theorem 2.4. If (Xn, d,Hnd ) (n ≤ 8) satisfies S c
MV(Xn) ≥ κ > 0, then d is not in any
compactly enlargeable length-structures on the closed oriented topological manifold X.
Based on Schoen and Yau’s argument [SY17], Gromov proved the SLB Theorem
[Gro18, Section 3] for any dimensions. Similarly, another consequence of [SY17] is that
theorems A and B are also true in higher dimensions.
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Theorem 2.5. If Nn is an arbitrary closed oriented smooth n-manifold and Xn is a closed
manifold with an enlargeable Riemannian length-structure, then Nn#Xn carries no PSC-
metrics.
In particular, if Mn is a closed manifold with an enlargeable Riemannian length-
structure containing a locally CAT(0)-metric, then Nn#Mn does not admit a PSC-metric.
Remark 2.6. Gromov also stated the result which said that a closed spin manifold with
a locally CAT(0)-metric carries no PSC-metrics without proof in [Gro19, Section 4.1.2].
Theorem B′ supports Gromov’s assertion.
Remark 2.7. Though Theorem 2.5 is similar to Cecchini and Schick’s Theorem A [CS21]
and the starting point of the proofs is Schoen and Yau’s new results [SY17], the techniques
of the proofs are different. Cecchini and Schick’s proof used the standard constructions
from geometric measure theory, especially, no symmetrization and no manifolds with
boundary, whereas the proof of Theorem 2.5 is an application of Gromov’s Spherical
Lipschitz Bound Theorem that uses these two ingredients.
Theorem 2.5 is also inspired by an open conjecture that a closed aspherical manifold
does not admit a PSC-metric. Kasparov and Skandalis [KS03] used KK-theory to prove the
strong Novikov conjecture for CAT(0)-group, implying that any locally CAT(0)-manifold
carries no PSC-metrics.
The fact that a closed Riemannian manifold with non-positive sectional curvature
is enlargeable is well-known since Gromov and Lawson first proposed the definition of
enlargeable manifolds [GL80]. Riemannian metrics with non-positive sectional curvature
(non-positive curvature metric) are locally CAT(0)-metrics. If a manifold of dimension 2
or 3 admits a locally CAT(0)-metric, then it also admits non-positive curvature metrics, ac-
cording to the classic surface theory and the Thurston-Perelmann Geometrization Theorem
[DJL12, Proposition 1].
But there is a difference between locally CAT(0)-metrics and non-positive curvature
13
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metrics in dimensions≥ 4. Aravinda and Farrell [AF94] showed that the existence of non-
positive curvature metric is not a homeomorphism invariant in general, but the existence
of a locally CAT(0)-metric is homeomorphism invariant. The existence of a non-positive
curvature metric depends on that of the smooth structure. Furthermore, locally CAT(-1)-
manifolds which do not support a smooth structure in dimensions 8 were constructed in
[DJL12, Section 3.1].
Aspherical n-manifolds (n ≥ 4) that are not covered by Euclidean space were first
constructed by Davis [Dav83]. Davis, Januszkiewicz and Lafont [DJL12] constructed
a closed smooth four-dimensional manifold M4, which supports locally CAT(0)-metrics
and whose universal cover M̃4 is diffeomorphic to R4, but π1 is not isomorphic to the
fundamental group of any compact Riemannian manifold with non-positive curvature. In
dimensions≥ 5, Davis and Januszkiewicz [DJ91, (5b.1) Theorem] constructed a topological
locally CAT(0)-manifold, whose universal cover is not homeomorphic to Rn. They also
constructed a smooth locally CAT(0)-manifold whose universal cover is homeomorphic to
Rn, but the boundary at infinity is distinct from S n−1 in (5c.1) Theorem.
More examples of those kind of exotic aspherical manifolds can be found in [ADG97]
and [DJL12, Section 3].
Remark 2.8. Let Mn (n ≥ 5) be the locally CAT(0)-manifold with center-free fundamental
group, whose universal cover is distinct from Rn, as above-mentioned, and N be an
arbitrary closed locally CAT(0)-manifold with center-free fundamental group, then the
product Mn × N is a locally CAT(0)-manifold, which does not support any non-positive
curvature metrics. Otherwise, if Mn × N carries a non-positive curvature metric, then, by
Lawson-Yau’s splitting theorem [LY72], Mn × N is homeomorphic to M1 × N1 such that
M1 and N1 are endowed with non-positive curvature metrics and π1(M1) = π1(Mn) and
π1(N1) = π1(N). And then we use the proof of Borel conjecture for Riemannian manifold
with non-positive sectional curvature by Farrell and Jones [FJ93] [FJ91] to show that M1
is homeomorphic to Mn. Thus, M1 also admits the locally CAT(0)-metric such that the
14
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universal cover is distinct from Rn. That is a contradiction. More details of the proof can
be found in [DJL12, Proposition 2].
Furthermore, using Davis’ construction, Sapir [Sap14, Corollary 1.2] created the first
closed aspherical topological n-manifolds (n ≥ 4) whose fundamental groups coarsely
contain expanders and the aspherical n-manifold can be smooth if n ≥ 5. Thus, Sapir’s
aspherical manifolds have infinite asymptotic dimension, are not coarsely embeddable
into a Hilbert space, do not satisfy G. Yu’s property A, do not satisfy the Baum-Connes
conjecture with coefficients. Using Davis’ construction and Sapir’s techniques, Osajda
constructed closed aspherical topological n-manifolds (n ≥ 4) whose fundamental groups
contain coarsely embedded expanders in [Osa20, Corollary 3.5].
Our methods can be used to detected new manifolds (compared to Gromov-Lawson’s
method) which do not carry PSC-metrics. For example, the locally CAT(0)-metrics
which were constructed by Davis-Januszkiewicz-Lafont above are strongly equivalent
to a Riemannian metric on the exotic aspherical 4-manifolds. Therefore, the connected
sum of arbitrary closed 4-manifold and a Davis-Januszkiewicz-Lafont exotic aspherical
4-manifold, is a new example detected by our methods, which carries no PSC-metrics.
Remark 2.9. A metric (piecewise flat) polyhedral complex which is both CAT(0) and
a PL-manifold without boundary must in fact be PL-homeomorphic to the appropriate
Rn was showed by Stone [Sto76, Theorem 1]. Thus, though the examples of Davis and
Januskiewicz whose universal cover are not homeomorphic to Rn are piecewise Euclidean,
their triangulation are not piecewise linear.
Remark 2.10. Siebenmann and Sullivan [SS79, Remark (1), p. 507]) showed that a locally
finite simplicial complex with a polyhedral metric is a Lipschitz n-manifold if and only if
the link of every vertex with the polyhedral metric is in turn a Lipschitz (n − 1)-manifold
and has the homotopy type of an (n−1)-sphere. The statement can also be found in [Lan19,
Theorem 5.2]. Therefore, the locally CAT(0)-metric on a closed manifold, such that its
15
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universal cover is not homeomorphic to the appropriate Rn, is not strongly equivalent to a
Riemannian metric on the manifold.
It is not clear whether our methods can show that the connected sum of the locally
CAT(0)-manifold, which is not strongly equivalent to a Riemannian manifold, and a closed
manifold does not admit a PSC-metric.
2.2 Enlargeable length-structures, PSC-metrics and lo-
cally CAT(0)-metrics
A metric space (X, d) is a length metric space if the distance between each pair of points
equals the infimum of the lengths of curves joining the points. A closed topological
manifold admits length metrics [Bin53]. Metrics induced by smooth Riemannian metrics
on a closed smooth manifold are length metrics and any two such length metrics are
strongly equivalent, i.e. for any length metrics d and d′, there exists a c,C > 0 such that
cd ≤ d′ ≤ Cd. Moreover, length metrics can be induced by continuous Riemannian metrics
on a closed smooth manifold [Bur15].
However, unlike Riemannian metrics on compact smooth manifolds, different length
metrics may not be strongly equivalent to each other. For instance, two length metrics,
among which one is induced by a Riemannian metric and the other by a Finsher metric, are
topologically equivalent, i.e. they induce the same topology, but there may not be strongly
equivalent in general.
If π : X̂ → X is a covering map, then length metrics, being local, lift from X to X̂.
Furthermore, every length metric d on X lifts to a unique length metric d̂ for which the
covering map is a local isometry.
We call that a topological manifold X endowed with a complete length metric is ε-
hyperspherical if it admits a continuous map f to S n (n = dim(X)) which is constant at
16
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infinity, of non-zero degree and such that
Lip( f ) := sup
a,b
a,b∈X
dS n( f (a), f (b))
dX(a, b)
< ε.
Here constant at infinity means that there is a compact subset such that f maps the
complement of the compact subset to a point in S n and S n is endowed with standard round
metric. In this chapter, S n is also a length metric space induced by the standard round
metric dS n .
Definition 2.11 (Enlargeable length-structures). A length metric d on a closed orientable
n-dimensional topological manifold Xn is said to be enlargeable if for each ε > 0 there is an
oriented covering manifold X̃n endowed with the induced metric d̃ that is ε-hyperspherical.
An enlargeable length-structure on Xn is a strongly equivalent class of an enlargeable
metric.
An enlargeable Riemannian length-structure on a closed orientable smooth manifold
is an enlargeable length-structure that contains a length metric induced by a Riemannian
metric on the manifold.
The length metric induced by a Riemannian flat metric on T n is an enlargeable metric
and T n endowed with this enlargeable length-structure is an important example of the
manifolds with an enlargeable length-structure. Enlargeable length-structures can also
be defined on a closed non-orientable manifold by lifting the metric onto the orientation
cover.
Remark 2.12. The enlargeable length-structure may be used to deal with positive scalar
curvature in the metric geometry setting. For instance, the definition of scalar curvature for
length metrics was given in [Ver18].
Besides, the existence of a PSC-metric depends on the smooth structure. Trying to
use length structure to study the PSC-metrics in Riemannian geometry, we define the
enlargeable Riemannian length-structure.
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Remark 2.13. The following Lemma 2.20 shows that a locally CAT(0)-metric is enlargeable
only on the assumption that it is strongly equivalent to a Riemannian metric. Especially, the
example from the introduction of a non-smoothable manifold with a locally CAT(0)-metric
is not known to be enlargeable.
Property 2.14 (Properties of the enlargeable metric).
(1) Let (X, dX) and (Y, dY) be closed orientable manifolds with length metrics and suppose
there exists a Lipschitz continuous map F : (X, dX)→ (Y, dY) of non-zero degree. If dY
is an enlargeable metric on Y, then so is dX.
(2) The product of two enlargeable metrics is an enlargeable metric.
Proof. Suppose that Ỹ → Y is a covering space and Ỹ is ε-hyperspherical, i.e. it admits a
continuous map f : Ỹ → S n (n = dim(Y)) that is constant at infinity, of non-zero degree
and such that Lip( f ) < ε. Let X̃ → X be the covering corresponding to the subgroup
F−1∗ (π1(Ỹ)) and X̃ be endowed with the induced metric d̃X, then F can be lifted to a proper
map F̃ : X̃ → Ỹ , which is still a continuous map with Lipschitz constant Lip(F). It implies
the map f ◦ F̃ is constant at infinity, Lip( f ◦ F̃) < Lip(F)ε and of non-zero degree. Thus
dX is an enlargeable metric on X.
The fact that the composed map
S n × S m → S n ∧ S m → S n+m
is Lipschitz continuity and non-zero degree implies (2). 
The following two corollaries are immediate consequences of Property 2.14.
Corollary 2.15. If a closed manifold X carries an enlargeable length-structure, then X×S 1
still carries an enlargeable length-structure.
Corollary 2.16. Let (X, dX) be a closed smooth manifold, where dX is induced by a
Riemannnian metric, and (Y, dY) be another manifold, where dY is in the enlargeable
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length-structure. Suppose there exists a Lipschitz continuous map F : (X, dX)→ (Y, dY) of
non-zero degree, then X carries an enlargeable Riemannian length-structure.
Theorem 2.17 (SLB Theroem [Gro18]). If the scalar curvature of a (possibly incomplete)
Riemannian n-manifold Xn (2 ≤ n ≤ 8) is bounded from below by n(n − 1), then for all
continuous maps f from Xn to the sphere S n that are constant at infinity and of non-zero
degree, they hold that Lip( f ) > C√nπ . Here S
n is endowed with the standard round metric
and C > 13 .
Question 2.18. Let (Nn, g) be a complete Riemannian n-manifold (compact or non-
compact) with scalar curvature bounded below by n(n − 1). Let f be a continuous map
from Nn to the sphere S n with standard round metric of non-zero degree that is constant at
infinity. Is Lip( f ) bounded from blow by one?
Remark 2.19. A positive answer to Question 2.18 would allow us to also cover Llarull’s
rigidity theorems [Lla98, Theorem A and B], Lohkamp’s results [Loh18], and their
remarkable corollaries.
Gromov aimed to improve the lower bound of the Lipschitz constant in [Gro18,
Section 3] and discussed that the Lipschitz bound would be 1. Here, the existence of a
uniformly positive lower bound of the Lipschitz constant is used as the main tool to detect
the obstruction to the existence of PSC-metrics.
Proof of Theorem 2.1. Assume Xn carries an enlargeable length-structure, there exists
a length metric d such that one orientable covering (X̃n, d̃) is ε-hyperspherical (ε small
enough). If Xn admits a PSC-metric g in the enlargeable length-structure, then the Lipschitz
constant of all maps (maps are constant at infinity and non-zero degree) from (X̃n, g̃) to
S n has a uniformly positive lower bound C by the SLB Theorem. Besides, there are
positive constants α1 and α2 such that α1d ≤ dg ≤ α2d by the definition of enlargeable
length-structure, where dg is the induced metric by g on Xn. Then the Lipschitz constant
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of the map from (X̃n, d̃) to S n has the uniformly lower bound α1C, which contradicts the
ε-hypersphericity. 
Let (X, dX) be a length space. A geodesic triangle 4 in X with geodesic segments as its
sides is said to satisfy the CAT(0)-inequality if it is slimmer than the comparison triangle
in the Euclidean plane, i.e. if there is a comparison triangle 4′ in the Euclidean plane with
sides of the same length as the sides of 4 such that the distance between points on 4 is
less than or equal to the distance between corresponding points on 4′. A length metric d
on X is said to be a locally CAT(0)-metric if every point in X has a geodesically convex
neighborhood, in which every geodesic triangle satisfies the CAT(0)-inequality.
A locally CAT(0)-manifold is a topological manifold endowed with a locally CAT(0)-
metric. Gromov generalized the classic Hadamard-Cartan theorem to locally CAT(0)-
manifolds [BGS85]: the universal cover of a locally CAT(0)-manifold endowed with the
induced metric is a globally CAT(0)-manifold, i.e. every two points can be connected by
a unique geodesic line and every geodesic triangle on it satisfies the CAT(0)-inequality.
Thus a locally CAT(0)-manifold is aspherical, i.e. its universal cover is contractible.
Lemma 2.20. A locally CAT(0)-metric which is strongly equivalent to a Riemannian
metric on a closed smooth manifold is an enlargeable metric.
Proof. Let (Mn, d) be the closed n-dimensional smooth locally CAT(0)-manifold, then its
universal cover (M̃n, d̃) is a globally CAT(0)-manifold by Gromov’s Theorem. Consider
the map
ft : M̃n → M̃n x→ γx(td̃(x, x0)),
where x0 is a fixed point in M̃n, t ∈ (0, 1] and γx is the unique geodesic segment from x to
x0. It is well-defined by the property of globally CAT(0)-manifolds and is a proper map
such that the degree of ft is non-zero. By the CAT(0)-inequality applied to the geodesic
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triangle with endpoints x, y and x0, one gets
d̃( ft(x), ft(y)) ≤ td2R(x, y) = td(x, y)
for x, y ∈ M̃n. Therefore, Lip( ft) ≤ t.
Let π : (M̃n, d̃) → S n be a collapse map around x0. Then the degree of π is 1 and
Lip(π) ≤ C by the smoothness of π, the fact that d is strongly equivalent to a Riemannian
metric and the compactness of Mn. Thus, π ◦ ft : M̃n → S n has non-zero degree and
Lip(π◦ ft) ≤ tC. For any small ε > 0, we can choose t such that (M̃n, d̃) is ε-hyperspherical.
That means that a manifold endowed with a locally CAT(0)-metric is enlargeable. 
Remark 2.21. The assumption that the locally CAT(0)-metric is strongly equivalent to a
Riemannian metric is used in the argument of Lip(π) ≤ C. It is not clear if the condition
can be dropped for Lemma 2.20.
Proof of Theorem 2.5. Combining Lemma 2.20, Corollary 2.16, and the fact of the strong
equivalence of all Riemannian metrics on a closed smooth manifold, we conclude Theorem
2.5. 
2.3 S cMV ≥ κ
To generalize the notion of PSC-metrics to non-Riemannian metric space, for example
to piecewise smooth polyhedral spaces, Gromov [Gro19, Section 5.3.1] defined the max-
scalar curvature S cmax as follows:
Definition 2.22 (Gromov). Given a metric space P which is locally compact and locally
contractible, and a homology class h ∈ Hn(P) defines S cmax(h) as the supremum of the
numbers σ ≥ 0, such that there exists a closed orientable Riemannian n-manifold X with
S c(X) ≥ σ and a 1-Lipschitz map f : X → P, such that the fundamental homology class
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[X] goes to h, f∗[X] = h. Here S c(X) is the scalar curvature of X and 1-Lipschitz map f
means Lip( f ) ≤ 1.
Remark 2.23. The definition makes sense without assuming σ ≥ 0. But if an h ∈ Hn(P)
(n ≥ 3) can be represented by the fundamental homology class [X], then we always have
S cmax(h) ≥ 0. Since a closed orientable smooth n-manifold (n ≥ 3) admits Riemnanian
metrics with constant negative scalar curvature by Kazdan-Warner theorem [KW75], then
one can scale the metric such that the Lipschitz constant is small and the scalar curvature
is closed to 0.
Though S cmax([X]) ≥ inf
x
S c(X, x) for all closed Riemannian manifold X as observed by
Gromov, the positivity of the max-scalar curvature cannot imply that it carries a PSC-metric
in general. For instance, let Σ be the exotic sphere which does not admit PSC-metrics,
whose existence was showed by Hitchin in [Hit74], and gΣ be a Riemanniam metric on
it. Then one can scale the round metric on the standard sphere such that the Lipschitz
constant of the identity map is smaller than 1. Thus one has S cmax([Σ]) > 0, but Σ does not
admit PSC-metrics.
Furthermore, let (N, gN) be a closed oriented Riemannian manifold with a PSC-metric
gN and M be a closed oriented smooth manifold. Assume that there exists a degree
one smooth map f : N → M, then one gets S cmax([M]) ≥ 0 with an arbitrary smooth
Riemannian metric g on M. That means S cmax([M]) ≥ 0, even when the scalar curvature
of (M, g) is −1.
Therefore, the definition of the max-scalar curvature on a metric space needs to be
improved. Gromov also proposed the n-volumic scalar curvature on metric measure spaces
in [Gro17, Section 26]. The n-volumic scalar curvature may be too general to be useful
and we will discuss it in the next chapter. The following definition is trying to mix the
max-scalar curvature and n-volumic scalar curvature on metric measure spaces.
Let (S 2(R), dS , volS ) be a Riemannian 2-sphere endowed with the round metric such
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that the scalar curvature equals to 2R−2 and that (Rn−2, dE, volE) is endowed with Euclidean
metric, then the product manifold S 2(R) × Rn−2 can be endowed with the Pythagorean




E and the volume volS×E := volS ⊗ volE.
In this chapter, let Xn be a closed topological n-manifold and d be the length metric such
that the Hausdorff dimension of (Xn, d) is n, i.e dimH(Xn) = n. Therefore, there exists the
n-dimension Hausdorff measure µn on it and then we normalize it byHnd =Wnµn, where
Wn is the n-dimensional volume (the Lebesgue measure) of a Euclidean ball of radius 1 in
the n-dimensional Euclidean space, so thatHndE = volE for R
n with the Euclidean metric
dE . Therefore, we have the metric measure space (Xn, d,Hnd ) and will focus on this kind of
metric measure space (Xn, d,Hnd ) in this paper.
Example 2.24 (Examples of metric measure spaces (Xn, d,Hnd )).
1. Smooth oriented Riemannian manifolds (Mn, g) with the induced volume forms
(Mn, dg, volg) are the fundamental examples.
2. A length metric that is strongly equivalent to a Riemannian metric satisfies the require-
ment, since the Hausdorff dimension is bi-Lipschitz invariant.
3. Locally CAT(0)-manifolds with induced Hausdorff measure are examples, as the
Hausdorff dimension of a closed topological n-manifold with a locally CAT(0)-metric
is n.
4. If Xn admits an length metric d′ such that (Xn, d′) is a Alexandrov space with curvature
bounded from below, then dimH(Xn) = n. Then the Alexandrov space is also an
example.
Note that there is only one reasonable notion of volume for Riemannian manifolds.
But one can define Finslerian volumes for Finsler metrics in different ways and obtain
essentially different results [BBI01, Proposition 5.5.12].
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We will define the positive of MV-scalar curvature S cMV on the metric measure space
(Xn, d,Hnd ).
Definition 2.25 (S cMV ≥ κ). The MV-scalar curvature of Xn is bounded from below by
κ > 0 for Xn = (Xn, d,Hnd ), i.e. S c
MV(Xn) ≥ κ > 0, if the closed oriented topological
n-dimensional Xn satisfies the following two conditions:
(1). The metric space (Xn, d) satisfies S cmax([Xn]) ≥ κ for the fundamental class [Xn] ∈
Hn(Xn;Z).
(2). The metric measure space Xn is locally volume-wise smaller than S 2(R) × Rn−2 =










, there is an εR, which
depends on R, such that all εR-balls in X are smaller than the εR-balls in S 2(R) × Rn−2,
Hnd (Bx(εR)) < volS×E(Bx′(εR)), for all x ∈ X and x
′ ∈ S 2(R) × Rn−2.
Since S cmax([Xn]) = S cmax(−[Xn]), the definition is independent from the chosen of
the orientation. And S cMV(Xn) ≥ κ is invariant under the isomorphic transformation. Here
an isomorphic transformation means there is f : (X, d, µ)→ (X′, d′, µ′) such that f∗µ′ = µ
and f is isometric between d and d′. Thus, the definition is well-defined.
Proposition 2.26. Let g be a C2-smooth Riemannian metric on a closed oriented n-
manifold Mn with induced metric measure space (Mn, dg, volg), then the scalar curvature
of g is bounded from below by κ > 0 if and only if S cMV(Mn) ≥ κ.
Proof. Assume the scalar curvature of g is bounded from below by κ > 0, then the volume








as r → 0, where Bx(r) is an r-ball in Mn and Br is an r-ball in Rn, implying condition (2) in
the definition of S cMV(Mn) ≥ κ. And S cmax([Mn]) ≥ inf
x
S c(Mn, x) ≥ κ implies condition
(1).
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On the other hand, if S cMV(Mn) ≥ κ, then S cg ≥ κ > 0. Otherwise, assume there exist
small ε > 0 such that S cg ≥ κ − ε > 0. That means there exists a point x0 in Mn such that
S cg(x0) = κ − ε, as Mn is compact and the scalar curvature is a continuous function on Mn.
Thus, we can find a small r-ball Br(x0) such that the volume of Br(x0) is greater than the




, which is a contradiction. 
Remark 2.27. The existence of length metrics on Xn with S cMV(Xn) ≥ κ is the invariant
under homeomorphisms. However, the positivity of the S cMV cannot imply that it carries a
PSC-metric in general.
For instance, one can use the identity map between the exotic sphere Σn above and the
standard sphere to pull back the length metric which is induced by the standard round metric
to Σn, i.e. giving id : Σn → (S n, dS n) gets (Σn, id∗dS n). Then one has S cMV(Σn) ≥ n(n−1) for
the metric measure space (Σn, id∗dS n ,Hnid∗dS n ). But id
∗dS n is not induced by any C2-smooth
Riemannian metric on Σn.
Remark 2.28. The example of the exotic sphere above shows that the condition (1) cannot
imply the condition (2) in the definition of S cMV ≥ κ in general. The condition (2) also
cannot imply the condition (1) in general. Since one can choose the length metric induced
by a Finsler metric such that the induced Hausdorff measure is locally volume-wise smaller





, and the Finsler metric is
not bi-Lipshchitz equivalent to a Riemannian metric in general.
Question 2.29. Let Nn be a closed orientable aspherical n-manifold. Does there exist an
orientable closed Riemannian n-manifold Mn such that there exists a non-zero degree map
f from Mn to Nn?
Remark 2.30. Question 2.29 is inspired by the conjecture that a closed aspherical manifold
does not carry PSC-metrics. It is natural to ask that whether a closed aspherical manifold
admits a length metric with positive max-scalar curvature or positive of S cMV .
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Proposition 2.31 (Quadratic Scaling). Assume that (Xn, d,Hnd ) satisfies S c
MV(Xn) ≥ κ > 0,
then S cMV(λXn) ≥ λ−2κ for all λ > 0, where λXn := (Xn, λ · d, λn · Hnd ).
Proof. If we scale d by λ , 0, then Hnλd = λ
nHnd . Combining it with the fact that the
S c(λ2g) = λ−2S c(g) for a smooth Riemannian metric will complete the proof. 
Let π : X̂n → Xn be a covering map, then the length metric d on Xn is lifted to a
unique length metric d̂ such that the covering map is a local isometry. Hence dimH(X, d) =
dimH(X̂, d̂) for a finite connected cover of X. Then we endow the lifting length metric on a
finite cover of (Xn, d,Hnd ) such that (X̂
n, d̂,Hn
d̂
) is a metric measure space.
Proposition 2.32. Assume (Xn, d,Hnd ) satisfies S c
MV(Xn) ≥ κ > 0 and X̂n is a finite
connected cover of Xn, then S cMV(X̂n) ≥ κ for (X̂n, d̂,Hn
d̂
).
Proof. As (X̂n, d̂,Hn
d̂
) is locally isometric to (Xn, d,Hnd ) and S c
MV(Xn) ≥ κ > 0, (X̂n, d̂,Hn
d̂
)
is also locally volume-wise smaller than S 2(R) × Rn−2.
Let (Mn, g) be the closed orientable Riemannian manifold with S c(g) ≥ κ such that
f : Mn → Xn is 1-Lipschitz map and f∗([Mn]) = [Xn]. Then f ∗X̂n is a finite cover of Mn and
we denote it by M̂n, i.e. M̂n := f ∗X̂n. Then the Lipshicht constant of f̂ : (M̂n, ĝ)→ (X̂n, d̂)



















Using the wrong-way map, we can map [Xn] to Hn(X̂n;Z), denoting it by [X̂n] and
then we choose [X̂n] as the fundamental class of X̂n. Again, we map [X̂n] to Hn(M̂n;Z),
denoting it by [M̂n] and choose [M̂n] as the fundamental class of M̂n, i.e. f̂∗([M̂n]) = [X̂n].
Thus, S cMV(X̂n) ≥ κ. 
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Remark 2.33. One can also define S cMV ≥ κ > 0 for closed non-orientable topological
manifolds by requiring that the double cover with the induced metric satisfies S cMV ≥ κ > 0,
since the Hausdorff dimensions are equal to each other in this case.
Proposition 2.34 ( Weak SLB Theorem). Assume (Xn, d,Hnd ) (n ≤ 8) satisfies S c
MV(Xn) ≥
κ > 0, then for all continuous non-zero degree maps h from Xn to the sphere S n, it holds





. Here S n is endowed with the standard round metric dS n and C > 13 .
Proof. Given a small ε > 0, there exists a closed orientable Riemannian n-manifold (Mn, g)
with S c(g) ≥ κ − ε > 0 and a 1-Lipschitz and degree one map f : (Mn, dg) → (Xn, d)
by the definition of max-scalar curvature. Let h be a continuous non-zero degree map
h : (Xn, d)→ (S n, dS n), then
Lip(h ◦ f ) ≤ Lip(h) × Lip( f )
induces Lip(h) ≥ Lip(h ◦ f ).
If one scalars the metrics dg and d by a constant λ , 0, then one has S c(λ2g) =
λ−2S c(g), dλ2g = λdg. The new maps are denoted by h̃ : (Xn, λd) → (S n, dS n) and






such that S c(λ2g) ≥ n(n − 1), then SLB Theorem implies that
Lip(h̃ ◦ f̃ ) > C√nπ . That means

















Gromov and Lawson define the enlargeability by allowing only finite coverings in
[GL80]. Hanke and Schick [HS06] showed that the Rosenberg index of this kind of
enlargeable spin manifold does not vanish, which also implies that the manifold carries no
PSC-metrics.
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Definition 2.35 (Compactly enlargeable length-structures). A length metric d on a closed
orientable n-dimensional topological manifold Xn is said to be compactly enlargeable if
for each ε > 0 there is a finite connected covering manifold X̂n endowed with the induced
metric d̂ which is ε-hyperspherical. (This notion is defined at the Definition 2.11).
A compactly enlargeable length-structure on Xn is the strongly equivalent class of an
enlargeable metric.
A compactly enlargeable Riemannian length-structure on a closed orientable smooth
manifold is an enlargeable length-structure, which contains a length metric induced by a
Riemannian metric on the manifold.
Let us recall Theorem 2.4 and give a proof of it.
Theorem 2.36. If (Xn, d,Hnd ) (n ≤ 8) satisfies S c
MV(Xn) ≥ κ > 0, then d is not in any
compactly enlargeable length-structures on the closed oriented topological manifold X.
Proof. The argument is the same in the proof of Theorem 2.1 . Assume d is in a compactly
enlargeable length-structure, then there exists a compactly enlargeable metric d′ on Xn
such that α1d ≤ d′ ≤ α2d for some 0 < α1 ≤ α2. There exists a finite connected covering






definition of compactly enlargeable metric. That means it exists the non-zero degree map






, where Lip(h)d̂′ is the Lipschitz constant with
respect the metric d̂′.
On the other hand, we have
α−12 Lip(h)d̂ ≤ Lip(h)d̂′ ≤ α
−1
1 Lip(h)d̂.







, which is a contradiction.
One can also prove the proposition by Corollary 2.16 and the definition of max-scalar
curvature. If d is in a compactly enlargeable length-structure and f : (Mn, g) → (Xn, d)
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is a degree 1 map and Lip( f ) ≤ 1, then g is in an enlargeable Riemannian length-metric
structure by Corollary 2.16. That means Mn carries no PSC-metrics. Thus, S cmax([Xn]) = 0,
which is a contradiction. 
The scalar curvature of Riemannian metrics are additivity under Pythagorean-Riemannian
products, however, S cMV may not be additivity under Pythagorean products in general.
Note that for the Pythagorean product of two metric spaces (X, d) and (Y, d1), (X × Y, d2)
with d2 :=
√
d2 + d21 , we have
dimH(X) + dimH(Y) ≤ dimH(X × Y) ≤ dimH(X) + dimB(Y),
where dimB(Y) is the upper box counting dimension of Y , and the inequality may be strict.






where C(n,m) is a constant dependent only on n and m and C(n,m) ≥ 1. C(n,m) may
be greater than 1, but if X and Y are rectifiable Borel subsets of Euclidean space, then
C(n,m) = 1 was showed by Federer in [Fed69, 3.2.23 Theorem].
Proposition 2.37. Assume (Xn × Ym, d2) is the Pythagorean product of (Xn, d,Hnd ) and
(Ym, d1,Hnd1), where d2 :=
√
d2 + d21, satisfies that dimH(X
n × Ym) = n + m and the





. Then if S cMV(Xn) ≥ κ1 > 0 and S cMV(Ym) ≥ κ2 > 0, then
S cMV(Xn × Ym) ≥ κ1 + κ2.
Proof. Since (Xn ×Ym, d2) is locally volume-wise smaller than (S 2(R1)×Rn−2)× (S 2(R2)×















. And (S 2(R1)×Rn−2)×(S 2(R2)×






we have (Xn × Ym, d2) is locally volume-wise smaller than S 2(R1 + R2) × Rn+m−2 for





. And one has
S cmax([Xn] ⊗ [Ym]) ≥ S cmax([Xn]) + S cmax([Ym])
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Hence S cmax([Xn] ⊗ [Mm]) ≥ κ1 + κ2. 
Question 2.38. Assume that d is a length metric on the closed topological n-manifold Xn
such that (Xn, d) is an Alexandrov space with curvature≥ κ > 0. Do we have S cMV([Xn]) ≥
n(n − 1)κ?
Note that an Alexandrov space with curvature≥ κ > 0 satisfies the Bishop-inequality
[BBI01, Theorem 10.6.8] and then it implies the condition (2) of the definition of S cMV ≥ κ.
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3 Curvature-Dimension Condition
Meets Gromov’s n-Volumic Scalar
Curvature
We study the properties of the n-volumic scalar curvature in this chapter. Lott-Sturm-
Villani’s curvature-dimension condition CD(κ, n) [LV09], [Stu06a], [Vil09] was showed to
imply the n-volumic scalar curvature ≥ nκ under an additional n-dimensional condition and
we show the stability of n-volumic scalar curvature≥ κ with respect to smGH-convergence.
The concept of lower bounded curvature on the metric space or the metric measure
space has evolved to a rich theory due to Alexandrov’s insight. The stability of Riemannian
manifolds with curvature bounded below is another deriving force to extend the definition
of the curvature bounded below to a broader space.
However, the scalar curvature (of Riemannian metric) bounded below was yet absent
from this picture. Gromov proposed a synthetic treatment of scalar curvature bounded
below, which was called the n-volumic scalar curvature bounded below, and offered some
pertinent conjectures in [Gro17, Section 26]. Motivated by the CD(κ, n) condition, we add
an n-dimension condition to the Gromov’s definition and introduce the definition of S cα,β
on the smooth metric measure space.
This chapter comes from my published paper [Den21a].
3 Curvature-Dimension Condition Meets Gromov’s n-Volumic Scalar Curvature
3.1 CD meets n-volumic scalar curvature
The n-dimensional Alexandrov space with curvature ≥ κ equipped with the volume-
measure satisfies Lott-Villani-Sturm’s weak curvature-dimension condition for dimension
n and curvature (n − 1)κ, i.e. CD((n − 1)κ, n), was shown by Petrunin for κ = 0 (and
said that for general curvature ≥ κ the result followed in a similar way) [Pet11] and then
Zhang-Zhu investigated the general case [ZZ10]. We will modify Gromov’s definition of
n-volumic scalar curvature bounded below in [Gro17, Section 26] to fill the picture, which
means Lott-Sturm-Villani’s Ricci curvature ≥ 0 implies Gromov’s scalar curvature ≥ 0.
The metric measure space (mm-space) X = (X, d, µ) means that d is the complete
separable length metric on X and µ is the locally finite full support Borel measure on
X equipped with its Borel σ-algebra. Say that an mm-space X = (X, d, µ) is locally
volume-wise smaller (or not greater) than another such space X′ = (X′, d′, µ′) and write
X <vol X′(X ≤vol X′), if all ε-balls in X are smaller (or not greater) than the ε-balls in X′,
µ(Bε(x)) < µ′(Bε(x′)) (µ(Bε(x)) ≤ µ′(Bε(x′)), for all x ∈ X, x′ ∈ X′ and the uniformly small
ε which depends on X and X′.
In this chapter, the Riemannian 2-sphere (S 2(γ), dS , volS ) is endowed with round metric
such that the scalar curvature equal to 2γ−2, (Rn−2, dE, volE) is endowed with Euclidean
metric with flat scalar curvature and the product manifold S 2(γ) × Rn−2 is endowed with




E and the volume volS×E := volS ⊗ volE .
Thus, we have S 2(γ) <vol R2 for all ε-balls and ε ≤ γπ. If 0 < γ1 < γ2, then
S 2(γ1) <vol S 2(γ2). Furthermore, S 2(γ) × Rn−2 <vol Rn. If 0 < γ1 < γ2, then S 2(γ1) ×
Rn−2 <vol S 2(γ2) × Rn−2.
Definition 3.1 (Gromov’s n-volumic scalar curvature). Gromov’s n-volumic scalar curva-
ture of X is bounded below by 0 for X = (X, d, µ) if X is locally volume-wise not greater
than Rn.
Gromov’s n-volumic scalar curvature of X bounds from below by κ > 0 for X = (X, d, µ)
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, where S 2(γ) × Rn−2 = (S 2(γ) × Rn−2, dS×E, volS×E).
The n-volumic scalar curvature is sensitive to the scaling of the measure, but, the
curvature condition CD(κ, n) of Lott-Villani-Sturm [Stu06b, Definition 1.3] is invariant up
to scalars of the measure only [Stu06b, Proposition 1.4 (ii)]. Therefore, the n-dimensional
condition needs to be put into the definition of Gromov’s n-volumic scalar curvature. In
fact, the n-dimensional condition is the special case of Young’s point-wise dimension in
dynamical systems [You82, Theorem 4.4].
Definition 3.2 (n-dimensional condition). For given positive natural number n, the mm-






for every x ∈ X, where Br(Rn) is the closed r-ball in the Euclidean space Rn and the Br(x)
is the closed r-ball with the center x ∈ X.
In this chapter, the superscript of n in the space Xn means the mm-space (Xn, d, µ)
satisfies n-dimensional condition.
Note that a closed smooth n-manifold Mn (n ≥ 3) admits a Riemannian metric with
constant negative scalar curvature and a Riemannian metric of non-negative scalar curvature
which is not identically zero, then by a conformal change of the metric we get a metric
of positive scalar curvature according to Kazdan-Warner theorem [KW75]. Furthermore,
if there is a scalar-flat Riemannian metric g on Mn, but g is not Ricci-flat metric, then g
can be deformed to a metric with positive scalar curvature according to Kazdan theorem
[Kaz82, Theorem B] or by using Ricci-flow with an easy argument. Hence we will focus
more on promoting the positive scalar curvature to positive n-volumic scalar curvature.
Definition 3.3 ( n-volumic scalar curvature). Assume Xn = (Xn, d, µ) is the compact
mm-space and satisfies the n-dimensional condition, we call
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(i) the n-volumic scalar curvature of Xn is positive, i.e. S cvoln(Xn) > 0, if there exists
rXn > 0 such that the measures of ε-balls in Xn are smaller than the volumes of ε-balls
in Rn for 0 < ε ≤ rXn .
(ii) the n-volumic scalar curvature of Xn is bounded below by 0, i.e. S cvoln(Xn) ≥ 0, if
there exists rXn > 0 such that the measures of ε-balls in Xn are not greater than the
volumes of ε-balls in Rn for 0 < ε ≤ rXn .
The rXn is called scalar curvature radius (SC-radius) of Xn for S cvoln(Xn) ≥ 0.
(iii) the n-volumic scalar curvature of Xn is bounded below by κ > 0, i.e. S cvoln(Xn) ≥ κ > 0,




, there exists rXn,γ > 0 such that the measures of ε-balls in








is the SC-radius of Xn for S cvoln(Xn) ≥ κ > 0.








If the mm-space Xn is locally compact, then the definition of the n-volumic scalar
curvature bounded below only modifies the definition of the rXn,γ > 0 to a positive
continuous function of Xn.
Two mm-spaces (Xn, d, µ) and (Xn1 , d1, µ1) are isometric if there exists a one-to-one map
f : Xn → Xn1 such that d1( f (a), f (b)) = d(a, b) for a and b are in X
n and f∗µ = µ1, where
f∗µ is the push-forward measure, i.e. f∗µ(U) = µ( f −1(U)) for a measureable subset U ⊂ Xn1 .
If Xn satisfies S cvoln(Xn) ≥ κ ≥ 0, then each mm-space (Xn1 , d1, µ1) that is isometric to
(Xn, d, µ) also satisfies S cvoln(Xn1) ≥ κ ≥ 0.
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Proposition 3.4. Let g be a C2-smooth Riemannian metric on a closed oriented n-manifold
Mn with induced metric measure space (Mn, dg, dVolg), then the scalar curvature of g
is positive, S cg > 0, if and only if S cvoln(Mn) > 0, and S cg ≥ κ > 0 if and only if
S cvoln(Mn) ≥ κ > 0.








for Br(x) ⊂ Mn as r → 0. Hence (Mn, dg, dVolg) satisfies the n-dimensional condition.
If we have S cg > 0, then, since Mn is compact, there exists rMn > 0, so that
dVolg(Br(x)) < volE(Br(Rn)) for all 0 < r ≤ rMn . On the other hand, if there exists
rMn > 0 such that dVolg(Br(x)) < volE(Br(Rn)) for all 0 < r ≤ rMn , then S cg must be
greater than 0.
If S cvoln(Mn) ≥ κ > 0, then S cg ≥ κ > 0. Otherwise, assume there exist small ε > 0
such that S cg ≥ κ − ε > 0. That means that there exists a point x0 in Mn such that
S cg(x0) = κ − ε, as Mn is compact and the scalar curvature is a continuous function on Mn.
Thus, we can find a small r-ball Br(x0) such that the volume of Br(x0) is greater than the




, which is a contradiction.
On the other hand, S cg ≥ κ > 0 implies S cvoln(Mn) ≥ κ > 0. Assume S cg(x1) = κ for













, there exists rMn,γ > 0 such that the measures of
ε-balls in Mn are smaller than the volumes of ε-balls in S 2(γ) × Rn−2 for 0 < ε ≤ rMn,γ, i.e.
S cvoln(Mn) ≥ κ > 0.

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Therefore, we have S nκ
n−1
<vol S 2(γ)×Rn−2 for all γ >
√
2





manifold S n with constant sectional curvature κn−1 .
Remark 3.5. For a closed smooth Riemannian manifold (Mn, g), S cvoln(Mn) ≥ 0 implies
S cg ≥ 0. Otherwise, there exist a point in Mn such that the scalar curvature is negative,
then the volume of small ball will be greater than the volume of the small ball in Euclidean
space, which is a contradiction.
On the other hand, one can consider the case of the scalar-flat metric, i.e. S cg ≡ 0. If g
is a strongly scalar-flat metric, meaning a metric with scalar curvature zero such that Mn
has no metric with positive scalar curvature, then g is also Ricci flat according to Kazdan
theorem above. Thus, we have
dVolg(Br(x)) = volE(Br(Rn))
1 − ‖Rie(x)‖2g120(n + 2)(n + 4)r4 + O(r6)

for Br(x) ⊂ Mn as r → 0 [GV79, Theorem 3.3]. Here Rie is the Riemannian tensor.
Therefore, if g is a not flat metric, then Mn <vol Rn. If g is a flat metric, then Mn ≤vol Rn.
Thus S cg ≥ 0 implies S cvoln(Mn) ≥ 0 for a strongly scalar-flat metric g.
However, S cg ≥ 0 may not imply S cvoln(Mn) ≥ 0. There are a lot of scalar-flat metrics
but not strongly scalar flat metrics, i.e. S cg ≡ 0 but not Riccg , 0. For instance, the product
metric on S 2(1) × Σ, where Σ is a closed hyperbolic surface, is the scalar-flat metric, but
not the Ricci-flat metric. For those metrics, we have
dVolg(Br(x)) = volE(Br(Rn))
1 + −3‖Rie(x)‖2g + 8‖Ricc(x)‖2g360(n + 2)(n + 4) r4 + O(r6)

for Br(x) ⊂ Mn as r → 0 [GV79, Theorem 3.3]. If 8‖Ricc(x)‖2g > −3‖Rie(x)‖
2
g for some
point, then S cg ≥ 0 does not imply S cvoln(Mn) ≥ 0.
Theorem 3.6. Assume that the mm-space (Xn, d, µ) satisfies n-dimensional condition and
the curvature-dimension condition CD(κ, n) for κ ≥ 0 and n ≥ 2, then (Xn, d, µ) satisfies
S cvoln(Xn) ≥ nκ.
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Proof. In fact, one only needs the generalized Bishop-Gromov volume growth inequality,
which is implied by the curvature-dimension of Xn [Stu06b, Theorem 2.3].



















where α(n) = volE(Br(R
n))






that implies S cvoln(X) ≥ 0.










































for y ∈ S 2(γ) × Rn−2 and r1 ≤ C1, where C1,C2 are decided by the product manifold















































as R→ 0, r → 0. The n-dimensional condition, lim
r→0
˜µ(Br(x)) = 1, implies that




as R → 0. Therefore, for any κ′ with 0 < κ′ < κ, there exists εκ′ > 0 such that for any






is defined as before, the balls BR(y) are in S 2(γ) × Rn−2 and γ =
√
2
nκ′ . That is
Xn <vol S 2(γ) × Rn−2
for all γ >
√
2
nκ , i.e. S c
voln(Xn) ≥ nκ.
In fact, one has the classical Bishop inequality by adding the n-dimensional condition
to the generalized Bishop-Gromov volume growth inequality. It means that
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• if κ = 0, µ(BR(x)) ≤ volE(BR(Rn)) for all R > 0.
• if κ > 0,














<vol S 2(γ) × Rn−2
for all γ >
√
2
nκ . Then X




Thus, we also get S cvoln(Xn) ≥ nκ. 
Remark 3.7. Hence the mm-space (Xn, d, µ) with S cvoln(Xn) ≥ nκ ≥ 0 includes the mm-
spaces that satisfies n-dimensional condition and the generalized Bishop-Gromov volume
growth inequality as stated in the proof, e.g., the mm-spaces with the Riemannian curvature
condition RCD(κ, n) [AGS14] or with the measure concentration property MCP(κ, n)
[Oht07].
In particular, De Philippis and Gigli defined the non-collapsed RCD(κ, n) space and
showed that assume (X, d,Hn) is a non-collapsed RCD(0, n) and all points in X is regular
(i.e., all tangent cones are isometric to Rn), then (X, d,Hn) satisfies the n-dimensional
condition [DPG18, Corollary 1.7]. HereHn is n-dimensional Hausdorff measure. Thus,
regular non-collapsed RCD(κ, n) space (X, d,Hn) satisfies S cvoln(X) ≥ 0.
Question 3.8. Let Aln(1) be an orientable compact n-dimensional Alexandrov space with
curvature ≥ 1, then do all continuous maps φ from Aln(1) to the sphere S n with standard
metric of non-zero degree satisfy Lip(φ) ≥ C(n)? Here Lip(φ) is the Lipschitz constant of
φ, φ maps the boundary of Aln(1) to a point in S n and C(n) is a constant depending only
on the dimension n.
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Question 3.9. Assume the compact mm-space (X, d, µ) satisfies the curvature-dimension
condition CD(n − 1, n), n-dimensional condition and the covering dimension is also n,
then do all continuous maps φ from (X, d, µ) to the sphere S n with standard metric, where
φ is non-trivial in the homotopy class of maps, satisfy Lip(φ) ≥ C1(n), where C1(n) is a
constant only depends n?
Remark 3.10. The questions above are inspired by Gromov’s spherical Lipschitz bounded
theorem in [Gro18, Section 3] and the results above. The finite covering dimension is
equal to the cohomological dimension over integer ring Z for the compact metric space
according to the Alexandrov theorem. The best constant of C(n) and C1(n) would be 1 if
both questions have positive answers.
Proposition 3.11 (Quadratic Scaling). Assume the compact mm-space (Xn, d, µ) satisfies
S cvoln(Xn) ≥ κ > 0, then S cvoln(λXn) ≥ λ−2κ > 0 and rλXn = λrXn for all λ > 0, where
λXn := (Xn, λ · d, λn · µ).
Proof. First, we will show that the n-dimensional condition is stable under scaling. Let
d′ := λ · d, µ′ := λn · µ, B′r(x) be a r-ball in the (X
n, d′), and Br(x) be a r-ball in the (Xn, d),














λn · µ(B r
λ
(x))
λn · volE(B rλ (R
n))
= 1,
then λXn satisfies the n-dimensional condition.
Since λ · (S 2(γ) × Rn−2) = λ · S 2(γ) × λ · Rn−2 = S 2(λγ) × λ · Rn−2, we have
λ · Xn <vol λ · (S 2(γ) × Rn−2) = S 2(λγ) × λ · Rn−2




and 0 < ε ≤ λrXn . That means S cvoln(λXn) ≥ λ−2κ > 0 and rλ·Xn =
λrXn . 
We also have S cvoln(λXn) ≥ 0 (> 0), if S cvoln(Xn) ≥ 0 (> 0).
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Remark 3.12. Since the n-dimensional condition and definition of n-volumic scalar curva-
ture is locally defined, we have the following construction.
• Global to local: Let the locally compact mm-space (Xn, d, µ) satisfy S cvoln(Xn) ≥ κ ≥ 0
and Yn ⊂ X be an open subset. Then, if (Yn, dY) is a complete length space, (Yn, dY , µxY)
satisfies S cvoln(Yn) ≥ κ ≥ 0 and rYn = rXn . Where dY is the induced metric of d and
µxY is the restriction operator, namely, µxY(A) := µ(Yn ∩ A) for A ⊂ Xn.
• Local to global: Let {Yni }i∈I be a finite open cover of a locally compact mm-space
(Xn, d, µ). Assume that (Yni , dYi) is a complete length space and (Y
n
i , dYi , µxYi) satisfies
S cvoln(Yni ) ≥ κ ≥ 0, then (X
n, d, µ) satisfies S cvoln(Xn) ≥ κ ≥ 0 and rXn can be chosen
as a partition of unity of the functions {rYni }i∈I .
Question 3.13. Assume that S cvoln1 (Xn11 ) ≥ κ1(≥ 0) for the compact mm-space (X
n1
1 , d1, µ1)
and S cvoln2 (Xn22 ) ≥ κ2(≥ 0) for the compact mm-space (X
n2
2 , d2, µ2), then do we have
S cvoln1+n2 (Xn11 × X
n2
2 ) ≥ κ1 + κ2, rXn1×Xn2 = min{rXn1 , rXn2 }
for (Xn11 × X
n2




2 is endowed with the measure µ3 := µ1 ⊗ µ2 and with






Let {µn}n∈N and µ be Borel measures on the space X, then the sequence {µn}n∈N is said to




for everyA in the Borel σ-algebra.
A map f : X → Y is called an ε-isometry between compact metric spaces X and Y , if
|dX(a, b) − dY( f (a), f (b))| ≤ ε
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for all a, b ∈ X and it is almost surjective, i.e. for every y ∈ Y , there exists an x ∈ X such
that dY( f (x), y) ≤ ε.
In fact, if f is an ε-isometry X → Y , then there is a (4ε)-isometry f ′ : Y → X such that
for all x ∈ X, y ∈ Y , dX( f ′ ◦ f (x), x) ≤ 3ε, dY( f ◦ f ′(y), y) ≤ ε.
Definition 3.14 (smGH-convergence). Let (Xi, di, µi)i∈N and (X, d, µ) be compact mm-
spaces. Xi converges to X in the strongly measured Gromov-Hausdorff topology (smGH-
convergence) if there are measurable εi-isometries fi : Xi → X such that εi → 0 and
fi∗µi → µ in the strong topology of measures as i→ ∞.
If the spaces (Xi, dn, µi, pi)i∈N and (X, d, µ, p) are locally compact pointed mm-spaces, it
is said that Xi converges to X in the pointed strongly measured Gromov-Hausdorff topology
(psmGH-convergence) if there are sequences ri → ∞, εi → 0, and measurable pointed
εi-isometries fi : Bri(pi) → Bri(p), such that fi∗µi → µ, where the convergence is strong
convergence.
Remark 3.15. Let (Xi, di, µi)i∈N converge to (X, d, µ) in the measured Gromov-Hausdorff
topology, then there are measurable εi-isometries fi : Xi → X such that fi∗µi weakly
converges to µ. If there is a Borel measure ν on X such that sup
i




for everyA in the Borel σ-algebra on X, then Xi smGH-converges to X (See, [Las97,
Lemma 4.1]).
Remark 3.16. The n-dimensional condition is not preserved by the measured Gromov-
Hausdorff convergence as the following example shows. Let {aiS 2 := (S 2, aidS )} (ai ∈
(0, 1)) be a sequence of space, then the limit of aiS 2 under the measured Gromov-Hausdorff
convergence is a point when ai goes to 0. The limit exists as the Ricci curvature of aiS 2 is
bounded below by 1.
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Remark 3.17. The n-dimensional condition is not preserved by the smGH-convergence







may not be commutative for some mm-spaces (X, d, µi). Assume the total variation distance
of the measures goes to 0 as i→ ∞, i.e.
dTV(µi, µ) := sup
A
|µi(A) − µ(A)| → 0
whereA runs over the Borel σ-algebra of X, then the limits are commutative.
One can define the total variation Gromov-Hausdorff convergence (tvGH-convergence)
for mm-spaces by replacing the the strong topology with the topology induced by the total
variation distance in definition of smGH-convergence. Then tvGH-convergence implies
smGH-convergence and the n-dimensional condition is preserved by tvGH-convergence.
Theorem 3.18 (Stability). If compact mm-spaces (Xni , di, µi) with S c
voln(Xni ) ≥ κ ≥ 0,
SC-radius rXni ≥ R > 0, and (X
n
i , di, µi) smGH-converge to the compact mm-space (X
n, d, µ)
with n-dimensional condition, then Xn also satisfies S cvoln(Xn) ≥ κ and the SC-radius
rXn ≥ R.
Proof. Fix a x ∈ Xn and let Br(x) be the small r-ball on Xn where r < R, then there exists
xi ∈ Xni such that f
−1
i (Br(x)) ⊂ Br+4εi(xi) where Br+4εi(xi) ⊂ X
n
i and r + 4εi ≤ R. Thus,
fi∗µi(Br(x)) ≤ µi(Br+4εi(xi)).
• For κ = 0, since S cvoln(Xni ) ≥ 0 and SC-radius≥ R > 0, then µi(Br(xi)) ≤ volE(Br(R
n))
for all 0 < r ≤ R and all i. Therefore,
fi∗µi(Br(x)) < µi(Br+4εi(xi)) ≤ volE(Br+4εi(R
n))
for r + 4εi ≤ R. Then µ(Br(x)) ≤ volE(Br(Rn)), since εi that is not related to r can be
arbitrarily small.
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fi∗µi(Br(x)) < µi(Br+4εi(xi)) < volS×E(Br+4εi(S
2(γ) × Rn−2))
for r + 4εi ≤ R. Since εi that is not related to r can be arbitrarily small, then











where 0 < ε′ is independence on r and ε′ can as small as we want. Therefore, we have
S cvoln(Xn) ≥ κ.

Definition 3.19 (Tangent space). The mm-space (Y, dY , µY , o) is a tangent space of (Xn, d, µ)
at p ∈ Xn if there exists a sequence λi → ∞ such that (Xn, λi ·d, λni ·µ, p) psmGH-converges
to (Y, dY , µY , o) as λi → ∞.
Therefore, (Y, dY , µY , o) also satisfies the n-dimensional condition and can be written as
Yn.
Corollary 3.20. Assume the compact mm-space (Xn, d, µ) with S cvoln(Xn) ≥ κ ≥ 0 and
the tangent space (Yn, dY , µY , o) of Xn exists at the point p, then (Yn, dY , µY , o) satisfies
S cvoln(Yn) ≥ 0 and the SC-radius≥ rXn .
Proof. Since the n-volumic scalar curvature has the quadratic scaling property, i.e. S cvoln(λXn) ≥
λ−2κ ≥ 0 and rλXn = λrXn for all λ > 0, where λXn := (Xn, λ · d, λn · µ), then S cvoln(Yn) ≥ 0
is implied by the stability theorem. 
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The mm-spaces with S cvoln ≥ 0 includes some of the Finsler manifolds, for instance,
Rn equipped with any norm and with the Lebesgue measure satisfies S cvoln ≥ 0 and
any smooth compact Finsler manifold is a CD(κ, n) space for appropriate finite κ and n
[Oht09]. It is well-known that Gigli’s infinitesimally Hilbertian [Gig15] can be seen as
the Riemannian condition in RCD(κ, n) space. Thus, infinitesimally Hilbertian can also be
used as a Riemannian condition in the mm-spaces with S cvoln ≥ 0.
Definition 3.21 (RS C(κ, n) space). The compact mm-space (Xn, d, µ) with the n-dimensional
condition is a Riemannian n-volumic scalar curvature≥ κ space (RS C(κ, n) space) if it is
infinitesimally Hilbertian and satisfies the S cvoln(Xn) ≥ κ ≥ 0.
Note that any finite dimensional Alexandrov spaces with curvature bounded below are
infinitesimally Hilbertian. Then
Aln(κ)⇒ RCD((n − 1)κ, n)⇒ RS C((n(n − 1)κ, n)
on (Xn, d,Hn), where the measureHn is the n-dimensional Hausdorff measure that satisfies
the n-dimensional condition.
Question 3.22. Are RS C(κ, n) spaces stable under tvGH-convergence?
Remark 3.23 (Convergence of compact mm-spaces). For the compact metric measure
spaces with probability measures, one can consider mGH-convergence, Gromov-Prokhorov
convergence, Gromov-Hausdorff-Prokhorov convergence, Gromov-Wasserstein conver-
gence, Gromov-Hausdorff-Wasserstein convergence, Gromov’s -convergence, Sturm’s
D-convergence [Vil09, Section 27], and Gromov-Hausdorff-vague convergence [ALW16].
smGH-convergence implies those convergences for compact metric measure spaces with
probability measures, since the measures converge strongly in smGH-convergence and
converge weakly in other situations.
Note that mm-spaces with infinitesimally Hilbertian are generally not stable under
mGH-convergence [Gig15]. It is not clear if the infinitesimally Hilbertian are preserved
under smGH-convergence or tvGH-convergence.
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4 Weighted Scalar Curvature S cα,β
Let the smooth metric measure space (Mn, g, e− f dVolg) (also known as the weighted
Riemannian manifold in some references), where f is a C2-function on Mn, g is a C2-
Riemannian metric and n ≥ 2, satisfies the curvature-dimension condition CD(κ, n) for
κ ≥ 0, then Mn also satisfies S cvoln(Mn) ≥ nκ.
Motivated by the importance of the Ricci Bakry-Emery curvature, i.e.
RicMf = Ricc + Hess( f ),
the weighted sectional curvature of smooth mm-space was proposed and discussed in
[Wyl15]. On the other hand, Perelman defined and used the P-scalar curvature in his
F -functional in [Per02, Section 1]. Inspired by the P-scalar curvature, i.e.
S cg + 2 4g f − ‖ 5g f ‖2g,
we propose another weighted scalar curvature on the smooth mm-space.
This chapter comes also from my published paper [Den21a].
Definition 4.1 (Weighted scalar curvature S cα,β). The weighted scalar curvature S cα,β on
the smooth mm-space (Mn, g, e− f dVolg) is defined by
S cα,β := S cg + α 4g f − β‖ 5g f ‖2g
Note that the Laplacian 4g here is the trace of the Hessian and S cvoln(Mn) ≥ κ ≥ 0 is
equivalent to S cα,β ≥ κ ≥ 0 for α = 3 and β = 3 (See [Qia97, Theorem 8] or the proof of
Corollary 4.10 below).
4 Weighted Scalar Curvature S cα,β
Example 4.2. (1). For α = 2(n−1)n and β =
(n−1)(n−2)
n2 , the S c 2(n−1)n , (n−1)(n−2)n2
is the Chang-Gursky-
Yang’s conformally invariant scalar curvature for the smooth mm-space [CGY06].










(2). For α = 2 and β = m+1m , where m ∈ N ∪ {0,∞}, the S c2,m+1m is Case’s weighted scalar
curvature and Case also defined and studied the weighted Yamabe constants in [Cas13].
Case’s weighted scalar curvature is the classical scalar curvature if m = 0. If m = ∞,
then it is Perelman’s P-scalar curvature.
Note that the results in this chapter are new for those examples.
4.1 Spin manifold and S cα,β > 0








(S cg + α 4g f − β‖ 5g f ‖2g)dVolg
= 4πχ(Σ) − β
∫
Σ
‖ 5g f ‖2gdVolg,
implies that χ(Σ) > 0. Thus, Σ is a 2-sphere.
The following proposition of vanishing harmonic spinors is owed to Perelman essen-
tially and the proof is borrowed from [AC17, Proposition 1].
Proposition 4.3 (Vanishing harmonic spinors). Assume the smooth mm-space (Mn, g, e− f dVolg)
is closed and spin. If α ∈ R, β ≥ |α|
2




4.1 Spin manifold and S cα,β > 0
Proof. Let ψ be a harmonic spinor, though the Schroedinger-Lichnerowicz-Weitzenboeck
formula








[‖ 5g ψ‖2g +
1
4






















|〈5g f ,5g‖ψ‖2g〉g| ≤
|α|
4



















)‖ 5g ψ‖2g +
2β − c2|α|
8






where c , 0. If c−2|α| ≤ 2, β ≥ c
2 |α|
2 and S cα,β > 0, then ψ = 0. So the conditions α ∈ R






|〈5g f ,5g‖ψ‖2g〉g| ≤
|α|
4
























)‖ 5g ψ‖2g +
β − c21|α|
4






where c1 , 0. If c−21 |α| ≤ 4, β ≥ c
2
1|α| and S cα,β > 0, then ψ = 0. Also the conditions




4 Weighted Scalar Curvature S cα,β

The following 3 corollaries come from the proposition of vanishing of harmonic
spinors.
Corollary 4.4. Assume the smooth mm-space (Mn, g, e− f dVolg) is closed and spin. If
α ∈ R , β ≥ |α|
2
4 and S cα,β > 0, then the Â-genus and the Rosenberg index of M
n vanish.
Proof. Since the C∗(π1(Mn))-bundle in the construction of the Rosenberg index [Ros83] is
flat, there are no correction terms due to curvature of the bundle. Then the Schroedinger-
Lichnerowicz-Weitzenboeck formula and the argument in the proof of vanishing of Â-genus
can be applied without change. 
Corollary 4.5. Assume that Mn is a closed spin n-manifold and f is a smooth function on
Mn. If one of the following conditions is met,
(1). N ⊂ Mn is a codimension one closed connected submanifold with trivial normal
bundle, the inclusion of fundamental groups π1(Nn−1)→ π1(Mn) is injective and the
Rosenberg index of N does not vanish, or
(2). N ⊂ Mn is a codimension two closed connected submanifold with trivial normal
bundle, π2(Mn) = 0, the inclusion of fundamental groups π1(Nn−1) → π1(Mn) is
injective and the Rosenberg index of N does not vanish, or
(3). N = N1 ∩ · · · ∩ Nk, where N1 · · ·Nk ⊂ M are closed submanifolds that intersect
mutually transversely and have trivial normal bundles. Suppose that the codimension
o Ni is at most two for all i ∈ {1 . . . k} and π2(N)→ π2(M) is surjective and Â(N) , 0,
then Mn does not admit a Riemnannian metric g such that S cα,β > 0 for the dimension
n ≥ 3, α ∈ R and β ≥ |α|
2
4 for the smooth mm-space (M
n, g, e− f dvolg).
Proof. The results in the [HPS15, Theorem 1.1] and [Zei17, Theorem 1.9] can be applied
to show that the Rosenberg index of Mn does not vanish and Corollary 3.1 implies the
theorem. 
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Let R f (Mn) := {(g, f )} be the space of densities, where g is a smooth Riemannian
metric on Mn and f is a smooth function on Mn and R+f (M
n) ⊂ R f (Mn) is the subspace of
densities such that the smooth mm-space (Mn, g, e− f dvolg) satisfies S cα,β > 0. Furthermore,
let R+f (M
n) be endowed with the smooth topology.




n) , ∅, then there exist a homomorphism
Am−1 : πm−1(R+f (M
n))→ KOn+m
such that
• A0 , 0, if n ≡ 0, 1(mod8)
• A1 , 0, if n ≡ −1, 0(mod8)
• A8 j+1−n , 0, if n ≥ 7 and 8 j − n ≥ 0.
Proof. Since the results in the [Hit74, Section 4.4] and [CS13] depend on the existing of
exotic spheres with non-vanishing α-invariant. Let φ : Mn → Mn be a diffeomorphism
of Mn and (g, f ) ∈ R+f (M
n)), then (φ∗g, f ◦ φ) is also in R+f (M
n). Combining it with
Proposition 4.3 show that Hitch’s construction of the map A [Hit74, Proposition 4.6] can
be applied to the case of R+f (M
n) and then we can finish the proof with the arguments in
[Hit74, Section 4.4] and [CS13, Section 2.5]. 
4.2 Conformal to PSC-metrics
The scalar curvature is well behave under the conformal change of a Riemannian metric
such that one can use it as a tool to attend problems about the scalar curvature. The Yamabe
problem and the Yamabe invariant [LP87] are the well-know examples. We also consider
the change of the weighted scalar curvature under a conformal change of a Riemannian
metric.
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Proposition 4.7 (Conformal to PSC-metrics). Let (Mn, g, e− f dVolg) be a closed smooth
mm-space with S cα,β > 0. If the dimension n ≥ 3, α ∈ R and β ≥
(n−2)|α|2
4(n−1) , then there is a
metric g̃ conformal to g with positive scalar curvature (PSC-metric).
Proof. One only needs to show for all nontrivial u,
∫
M
−uLgudVolg > 0 as in the Yamabe
problem [Sch84], where
















[‖ 5g u‖2g +
n − 2
4(n − 1)





[‖ 5g u‖2g +
n − 2
4(n − 1)






〈5g f ,5gu〉gu ≤ c2‖ 5g f ‖gu × c−12 ‖ 5g u‖g ≤
c22‖ 5g f ‖
2
gu










|α|c−22 (n − 2)
4(n − 1)
)‖ 5g u‖2g+
(β − |α|c−22 )(n − 2)
4(n − 1)





where c2 , 0.
If |α|c−22 ≤
4(n−1)
n−2 , β ≥ c
2
2|α| and S cα,β > 0, then∫
M
−uLgudVolg > 0.
So the conditions n > 2, α ∈ R and β ≥ (n−2)α
2
4(n−1) are needed. 
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Remark 4.8. The proof was borrowed from [AC17, Proposition 2]. The two propositions
above offer a geometric reason why the condition of the vanishing of Â-genus (without
simply connected condition) does not imply that Mn can admit a PSC-metric for the closed
spin manifold Mn.
The proposition of conformal to PSC-metrics has following 3 corollaries.
Corollary 4.9 (Weighted spherical Lipschitz bounded).
Let (Mn, g, e− f dVolg) be a closed orientable smooth mm-space with S cα,β ≥ κ > 0,
3 ≤ n ≤ 8, α ∈ R and β ≥ (n−2)|α|
2
4(n−1) , then the Lipschitz constant of the continuous map φ from
(Mn, g, e− f dVolg) to the sphere S n with standard metric of non-zero degrees has uniformly
non-zero lower bounded.
Proof. There is a metric g̃ conformal to g with scalar curvature≥ n(n−1) by the proposition
of conformal PSC-metrics. For the continuous map φ from (Mn, g̃) to S n of non-zero
degrees, the Lipschitz constant of φ is greater than a constant that depends only on the
dimensions n by Gromov’s spherical Lipschitz bounded theorem [Gro18, Section 3]. Since
the conformal function has the positive upper bound by the compactness of the manifold,
then the Lipschitz constant has uniformly non-zero lower bounded. 
Corollary 4.10. For closed smooth mm-spaces (Mn, g, e− f dVolg) (n ≥ 3) satisfying with
S cvoln(Mn) > 0, there is a metric ĝ conformal to g with PSC-metric. In particular, the
Â-genus and Rosenberg index vanish with additional spin condition.
For closed orientable smooth mm-spaces (Mn, g, e− f dVolg) (3 ≤ n ≤ 8) satisfying
with S cvoln(Mn) ≥ κ > 0, then the Lipschitz constant of the continuous map φ from
(Mn, g, e− f dVolg) to the sphere S n with standard metric of non-zero degrees has uniformly
non-zero lower bounded.
Proof. The volume of the small disk of (Mn, g, e− f dVolg) was computed in [Qia97, Theo-
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rem 8],
µ(Br(x)) = volE(Br(Rn))
1 − S cg + 3 4g f − 3‖ 5g f ‖2g6(n + 2) r2 + O(r4)

as r → 0. Since S cvoln(Mn) > 0, i.e. µ(Br(x)) < volE(Br) as r → 0, then
S cg + 3 4g f − 3‖ 5g f ‖2g > 0.
Therefore, the propositions of vanishing harmonic spinors and of conformal PSC-metrics
and Corollary 4.9 imply it. 
Remark 4.11. Since any weighted Riemannian manifold (with non-trivial Borel measure)
is infinitesimally Hilbertian (See, [LP20]), Corollary 4.10 also works for (Mn, g, e− f dVolg)
with RS C(κ, n) condition.
Enlargeability as an obstruction to the existence of a PSC-metric on a closed manifold
was introduced by Gromov-Lawson. We call a manifold enlargeable as Gromov-Lawson’s
definition in [GL83, Definition 5.5]
Corollary 4.12. Assume Mn (n ≥ 3) is a closed spin smooth enlargeable manifold, then
R+f (M
n) is an empty set for α ∈ R and β ≥ (n−2)|α|
2
4(n−1) .
In particular, (Tn, g, e− f dVolg) does not satisfy S cvoln(Tn) > 0 for any C2-smooth
Riemannian metrics g and C2-smooth functions f on the torus Tn.
Proof. Since a closed enlargeable manifold cannot carry a PSC-metric [GL83, Theo-
rem 5.8], Proposition 4.7 implies R+f (M
n) = ∅ for α ∈ R and β ≥ (n−2)|α|
2
4(n−1) .
Tn is an important example of enlargeable manifolds and then Corollary 4.10 implies
that (Tn, g, e− f dVolg) does not satisfy S cvoln(Tn) > 0 for n ≥ 3. For dimension 2, the
conditions of S cα,β > 0 and β ≥ 0 imply that the oriented surface is 2-sphere. 
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4.3 f−minimal hypersurface and S cα,β > 0
In addition to using the Dirac operator method, Schoen-Yau’s minimal hypersurface method
[SY79b] is another main idea. For an immersed orientable hypersurface Nn−1 ⊂ Mn, the
weighted mean curvature vector H f of Nn−1 is defined by Gromov in [Gro03, 9.4 E],
H f = H + (5g f )⊥,
where H is the mean curvature vector field of the immersion, (·)⊥ is the projection on
the normal bundle of Nn−1. The first and second variational formulae for the weighted
volume functional of Nn−1 were derived in Bayle’s thesis (also see [Ros+08]). We take
the detailed presentation of such derivation for [CMZ15]. The (Nn−1, ḡ) with the induced
metric is called f -minimal hypersurface if the weighted mean curvature vector H f vanishes
identically.
In fact, the definition of f -minimal hypersurface can also be derived from the first
variational formula. Furthermore, an f -minimal hypersurface is a minimal hypersurface of
(Mn, g̃), where g̃ is the conformal metric of g, g̃ = e−
2 f
n−1 g.
The connection between the geometry of the ambient smooth mm-space and the f -
minimal hypersurfaces occurs via the second variation of the weighted volume functional.
For a hypersurface (Nn−1, ḡ), the L f operator is defined by
L f := 4 f + |A|2 + RiccMf (ν, ν),
where ν is the unit normal vector, |A|2 denotes the square of the norm of the second
fundamental form A of Nn−1 and
4 f := 4ḡ − 〈5ḡ f ,5ḡ·〉
is the weighted Laplacian. Through the second variational formula, a two-sided f -minimal
hypersurface Nn−1 is stable (called L f -stable) if for any compactly supported smooth
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function u ∈ C∞c (N




uL f ue− f dVolḡ ≥ 0.
Proposition 4.13. Let (Mn, g, e− f dVolg) be a closed orientable smooth mm-space with
S cα,β > 0 and (Nn−1, ḡ) be the compact L f -stable minimal hypersurface of (Mn, g, e− f dVolg).
If the dimension n ≥ 3, α = 2, and β ≥ n−2n−1 , then there exists a PSC-metric conformal to ḡ
on Nn−1.
Proof. The f -minimal hypersurface (Nn−1, ḡ) is L f -stable if and only if (Nn−1, ¯̃g) is stable
as a minimal hypersurface on (Mn, g̃), where g̃ := e−
2 f
n−1 g and ¯̃g is the induced metric of g̃
(See [CMZ15, Appendix]). On the other hand, the scalar curvature of (Mn, g̃) is
S cg̃ = e
f
n−1 (S cg + 2 4g f −
n − 2
n − 1
‖ 5g f ‖2g).
Thus, S cα,β > 0 with n ≥ 3, α = 2, and β ≥ n−2n−1 imply S cg̃ > 0. Then the standard
Schoen-Yau’s argument can be applied to show that ¯̃g conformal to a PSC-metric on
Nn−1. 
Remark 4.14. The minimal hypersurface method poses a stricter condition to the valid
range of α, β than that of the Dirac operator method.
Since the oriented closed manifolds with a PSC-metric in 2 and 3 dimensions are
classified by Gauess-Bonnet theorem and Perelman-Thurston geometrization theorem,
then Proposition 3.3 can give the following elementary applications:
Corollary 4.15. Let (Mn, g, e− f dVolg) be a closed orientable smooth mm-space with
S cα,β > 0.
(i) If n = 3, α = 2, and β ≥ 12 , then there is no closed immersed L f -stable minimal 2
dimensional surface with positive genus.
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(ii) If n = 4, α = 2, and β ≥ 23 , then the closed immersed L f -stable minimal 3 dimensional
submanifold must be spherical 3-manifolds, S 2 × S 1 or the connected sum of spherical
3-manifolds and copies of S 2 × S 1.
The prototype of Corollary 4.15 (1) is the Schoen-Yau’s classic result, which said
that the oriented closed 3-manifold with a PSC-metric has no compact immersed stable
minimal surface of positive genus [SY79b]. The Schoen-Yau result had been generalized
to Perelman’s P-scalar curvature> 0 by Fan [Fan08]. Note that one can also consider
the noncompact immersed L f -stable minimal 2 dimensional surface under the condition
of Corollary 4.15 (1) since an oriented complete stable minimal surface in a complete
oriented 3-manifold with a PSC-metric is conformally equivalent to the complex plane C
showed by Fischer-Colbrie-Schoen [FCS80].
The smooth mm-space with S cα,β > 0 under suit ranges of α and β implies the
manifold admits PSC-metrics, but the manifold (itself) that can admit PSC-metrics does
not necessarily imply there exists S cα,β > 0.
Question 4.16. Does the smooth mm-space with S cα,β > 0 under suitable ranges of α and
β give more topological restriction on the manifold than the PSC-metric on the manifold?
Question 4.17. Let M be a closed smooth manifold, f be a smooth function on M and h
be a smooth function that is negative for some point p on M. What is the range of α and β
such that there exists a smooth Riemannian metric g on M satisfying
S cg + α 4g f − β‖ 5g f ‖2g = h
i.e. S cα,β(g) = h?
Let (M, gi) be smooth Riemannian manifolds and {gi}i∈N C0-converges to g, then {gi}i∈N
also smGH-converges to g. Gromov showed that the scalar curvature≥ κ is stable under
C0-convergence in [Gro14, Section 1.8].
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Question 4.18. Assume smooth mm-spaces (Mn, gi, e− f dVolgi) all satisfy S cvoln(Mn) ≥ 0
such that {gi}i∈N C2-converges to the smooth Riemannian metric g on Mn, then does
(Mn, g, e− f dVolg) also satisfy S cvoln(Mn) ≥ 0?
Question 4.19. Let mm-spaces (Mn, g, e− f dVolg) with S cvoln(Mn) ≥ κ > 0, where Mn are
closed smooth manifold, g and f are C0-smooth, then does there exist a PSC-metric on
Mn?
Since the role of S cα,β > 0 on the smooth mm-space is similar to the role of S c > 0 on
the manifold, one can try to extend the knowledge about S c > 0 to S cα,β > 0.
4.4 Weighted rigidity
Gromov’s conjecture that said if a smooth Riemannian metric g satisfies g ≥ gst and
S c(g) ≥ S c(gst) = n(n − 1) on S n then g = gst, was proved by Llarull [Lla98] and called
Llarull rigidity theorem. A map h : (Mn, gM) → (Nn, gN) is said to be ε-contracting if
‖h∗v‖gN ≤ ε‖v‖gN for all tangent vectors v on M
n
Proposition 4.20 (Weighted rigidity). Assume the smooth mm-space (Mn, g, e− f dVolg) is
closed and spin and there exists a smooth 1-contracting map h : (Mn, g) → (S n, gst) of
non-zero degree. If α ∈ R , β ≥ |α|
2
4 and S cα,β ≥ n(n − 1), then h is an isometry between the
metrics g and gst. Furthermore, if α > 0, then f is a constant function.
Proof. One just need to insert the tricks in the proof of Proposition 4.3 to the proof in
[Lla98, Theorem 4.1]. Following the setup of LLarull, we only prove the even dimensional
2n case without loss of generality.
First, we will show that h is an isometry. Fix p ∈ M2n. Let {e1, . . . , e2n} be a g-
orthonormal tangent fame near p such that (5gek)p = 0 for each k. Let {ε1, . . . , ε2n} be
a gst-orthonormal tangent frame near f (p) ∈ S 2n such that (5gstεk)h(p) = 0 for each k.
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Moreover, the bases {e1, . . . , e2n} and {ε1, . . . , ε2n} can be chosen so that ε j = λ jh∗e j for
appropriate {λ j}2nj=1. This is possible since h∗ is symmetric. Since h is 1-contracting map,
λk ≥ 1 for each k.
Then one constructs the twisted vector bundles S
⊗
E over M2n as Llarull did. Let RE
be the curvature tensor of E and ψ be a twisted spinor, then one gets








For the twisted Dirac operator DE, one has D2E = 5






[‖ 5g ψ‖2g +
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〈5g f ,5g‖ψ‖2g〉g + 〈R
Eψ, ψ〉g]dVolg.
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)‖ 5g ψ‖2g +
β − c21|α|
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(S cα,β − 2n(2n − 1))‖ψ‖2g]dVolg.
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Furthermore, since α ∈ R , β ≥ |α|
2
4 and S cα,β ≥ 2n(2n− 1), one can choose c1 such that
c−21 |α| ≤ 4, then β − c
2







[S cα,β − 2n(2n − 1)]‖ψ‖2gdVolg ≥ 0
The fact Index(DE+) , 0 implies ker(DE) , 0 and then S cα,β = 2n(2n− 1). Then using



















Choosing ψ , 0 such that DEψ = 0, one has




for i , j. Thus, λk = 0 for all 1 ≤ k ≤ 2n and h is an isometry.
Second, we will show that f is a constant function. Since S cα,β = 2n(2n − 1), α > 0,
β ≥ |α|
2
4 and S cg = 2n(2n − 1), then 4g f ≥ 0. One has∫
M
4g f dVolg = 0
for a closed manifold Mn, so one gets 4g f = 0. That implies 5g f = 0 so that f is a constant
function on Mn.

Corollary 4.21. Let closed and spin smooth mm-spaces (Mn, g, e− f dVolg) satisfying with
S cvoln(Mn) ≥ n(n − 1) and there exists a smooth 1-contracting map h : (Mn, g)→ (S n, gst)
of non-zero degree, then h is an isometry between the metrics g and gst.
Proof. Combining the weighted rigidity theorem and the proof of Corollary 4.10 can imply
it. 
As Llarull rigidity theorem (and the weighted rigidity theorem) still holds if the condi-
tion that h is 1-contracting is replaced by the condition that h is area-contracting, Gromov
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called such metrics area-extremal metrics, asked which manifolds possess area-extremal
metrics, and conjectured that Riemannian symmetric spaces should have area-extremal met-
rics [Gro96], [Gro17, Section 17] and [Gro19, Section 4.2]. Goette-Semmelmann showed
that several classes of symmetric spaces with non-constant curvatures are area-extremal
[GS02].
Question 4.22. Can Goette-Semmelmann’s results [GS02] be generalized to the smooth
mm-space with S cα,β > 0 under other suitable conditions?
Since Corollary 4.15 (1) showed that the closed orientable immersed L f -stable minimal
2 dimensional surface in the closed orientable smooth mm-space (Mn, g, e− f dVolg) with
S c2,β > 0 (β ≥ 12 ) is 2-sphere, then one can consider rigidity of area-minimizing 2-sphere in
3 dimensional smooth mm-space. Bray’s volume comparison theorem [Bra97, Chapter 3,
Theorem 18] is another rigidity theorem that needs the conditions of Ricci curvature and
scalar curvature bounded below. There are other rigidity phenomena involving scalar
curvature, see [Bre12].




5 Weighted Scalar Curvature in Four
Dimensions
In this chapter, our goal is to study the weighted scalar curvature in four dimensions. We
single out 4 dimensions because it is very special dimension in topology and physics. In
particular, Seiberg-Witten invariants only exist in dimensional 4 and we focus on Seiberg-
Witten invariants and General relativity. We will show how the weighted scalar curvature
relates to them.
5.1 Seiberg-Witten invariants and weighted scalar curva-
ture
Besides Schoen-Yau’S and Gromov-Lawson’s fundamental approaches, using Seiberg-
Witten invariants (SW-invariants) as an obstruction of existence of positive scalar curvature
is another method in four dimensions.
The SW-invariants are defined a priori for a compact, oriented 4-manifold M with the
characteristic number b+2 > 1. There is a more complicated structure in the case where
b+2 = 1. Here, b
+
2 is equal to the number of +1 eigenvalues of the intersection form on the
(rational) second homology. Thus, b+2 =
1
2(rank(H2(M)+ sign(M)), where sign(M) is the
signature of M.
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The SW-invariants of M constitute a map from the set of equivalence classes of spinc
structures on M (covering the frame bundle) to the integers. These invarants are defined by
counting (in a suitable sense) the solutions of a natural system of differential equations on
M which are defined by using a spinc structure.
Theorem 5.1 (Witten [Wit94]). Assume that a closed oriented smooth 4-manifold M admits
a Riemannian metric with positive scalar curvature, then the Seiberg-Witten invariants of
M are zero.
Furthermore, there exists a closed simply connected non-spin 4-manifold with non-
vanishing SW-invariants. For example, the manifold






3 = 0, k ≥ 2}
is a simply connected non-spin manifold of real dimension 4. Thus, the index theory
method and the minimal hypersurface method do not apply. However, its SW-invariants
are non-zero by Taubes’ result [Tau94] and then it does not support a PSC-metric.
For the weighted Riemannian 4-manifold (M, g, e− f dvolg), where M is a closed oriented
4-manifold and g is a smooth Riemannian metric and f is a smooth function on M, we
show that positive weighted scalar curvature S cα,β > 0 with certain conditions on α and β
implies the vanishing of SW-invariants in the following theorem.
Theorem 5.2. Assume that the weighted Riemannian 4-manifold (M, g, e− f dvolg) with
α ∈ R, β ≥ |α|
2
4 , and S cα,β > 0, then the Seiberg-Witten invariants of M are zero.
Proof. Since a closed oriented 4-manifold admits Spinc structures by an old result of
Hirzebruch and Hopf [HH58], one can choose a Spinc structure on M. Following the
set up in [Don96], the Spinc structure is given by a pair of vector bundles W± over M
with an isomorphism Λ2W+ = Λ2W− = L. Thus, W± are U(2)-bundles over M and a
connection on L gives a Dirac operator D : Γ(W+)→ Γ(W−). Then there is a sequilinear
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map τ : Γ(W+) × Γ(W+)→ Λ+(M) ⊗ C, where Λ+(M) is the self-dual 2-forms of M, such
that one has τ(ψ, ψ) = 12‖ψ‖
2
gψ for a section ψ of W
+.
Let A be a unitary connection on L, and F+A be the self-dual part of the curvature of A,
then the Seiberg-Witten equations for the pair (A, ψ) are:
DAψ = 0,
F+A = −τ(ψ, ψ).
One has the Schroedinger-Lichnerowicz-Weitzenboeck formula
D∗ADAψ = 5
∗







Suppose (A, ψ) is a solution of the Seiberg-Witten equations over M and then take the L2
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|〈5g f ,5g‖ψ‖2g〉g| ≤
|α|
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where c , 0. If c−2|α| ≤ 2, β ≥ c
2 |α|
2 and S cα,β > 0, then ψ = 0.
So the conditions α ∈ R, β ≥ |α|
2
4 , and S cα,β > 0 imply ψ = 0 and then the SW-invariants
are zero by the definition of the SW-invariants. 
On the other hand, it was shown that when we assume α ∈ R, β ≥ |α|
2
6 , and S cα,β > 0 for
the weighted Riemannian 4-manifold (M, g, e− f dvolg), then there is a metric g̃ conformal
to g with positive scalar curvature in Proposition 4.7. Then, the classical result of Witten
also implies that SW-invariants are zero.
The following examples of the weight scalar curvature for weighted Riemannian
4-manifolds (M, g, e− f dvolg) are defined in previous literature.
Example 5.3 (Examples of weight scalar curvature).
(1) The positive 4-volumic scalar curvature S cvol4(M) > 0 was defined in Definition 3.3 in
the Chapter 3.1 and the positive 4-volumic scalar curvature implies
S cg + 3 4g f − 3‖ 5g f ‖2g > 0.
(2) Perelman’s scalar curvature [Per02, Section 1]
S cg + 2 4g f − ‖ 5g f ‖2g.
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‖ 5g f ‖2g.
Corollary 5.4. Suppose that any one of the 4-volumic scalar curvature, Perelman’s scalar
curvature, Chang-Gursky-Yang’s conformally invariant scalar curvature in a weighted
Riemannian 4-manifold (M, g, e− f dvolg) is positive, then the Seiberg-Witten invariants of
M are zero.
5.2 General relativity on metric measure spaces
The Seiberg-Witten invarants provide a connection between scalar curvature and physics
in four dimensions. Before that, it is well-known fact that the scalar curvature appears in
the Einstein field equations. For this reason, it is not only interesting but also important (in
General Relativity) to study the scalar curvature.
Since we have Ricci Bakry-Emery curvature tensor and weighted scalar curvature on
the smooth metric measure space, it is natural to try to generalize Relativity Theory to
smooth metric measure spaces.
For such a generalization, if one replaces the Ricci and scalar curvature on the left
hand side of the Einstein field equations by RiccMf and S cα,β for the smooth mm-space
(Mn, g, e− f dVolg), the main meaning question is what is the stress–energy tensor on the
right hand side in this case?
We now present several approaches in the literature to answer this question and obtain
the appearance of weighted scalar curvature in the Einstein field equations.
The energy condition for Ricci Bakry-Emery curvature tensor is formulated and studied
by Woolger [Woo13] and then Rupert-Woolger study the Ricci Bakry-Emery back holes in
[RW14]. Hawking’s singularity theorem is generalized to the Bakry-Émery framework
by Galloway and Woolger in [GW14]. McCann develops the strong energy condition of
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Hawking and Penrose in the (non-smooth) measure metric setting in [McC20]. Mondino
and Suhr also find a way to use the optimal transport methods to study the Einstein
equations [MS18].
Recently, Shojaie and Rahmanpour propose a conformally invariant theory of grav-
itation in the context of metric measure space [RS15] [RS16]. If we assume that the
cosmological constant Λ vanish, then Shojaie-Rahmanpour’s field equations are the same
as the Einstein field equations.
Inspired by the classical Hilbert-Einstein functional, Fasihi-Ramandi studies the fol-
lowing functional on the space of densities R f (Mn) := {(g, f )} by L : R f (Mn)→ R,






(S cg + 4g f − ‖ 5g f ‖2g)dVolg,
and he calls the equations which the critical points of this functional satisfy the new field




S cgg = d f ⊗ d f −
‖ 5g f ‖2g
2
g,
4g f = 0.
Then Fasihi-Ramandi considers the expression appearing in the right-hand side of the first
equation of the new field equations as the stress-energy tensor of matter. It seems his field
equations are not the end of story since the equations are completely controlled by the
geometry.
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Smoothing
In this chapter, we show two sphere theorems for Riemannian manifolds with scalar
curvature bounded below and non-collapsed RCD(n − 1, n) spaces with mean distance
close to π2 .
This chapter is available from Arxiv [Den21].
6.1 Introduction
Beginning with the Gauss-Bonnet theorem, sphere theorems show how the geometry can
be used to decide the topology. By asking the 14-pinching question (now it is a theorem),
Hopf opened the door to the study of sphere theorems. Continuing the paradigm, we will
add two kinds of sphere theorems to enrich the subject. We right away state these theorems.
Details about the conditions showing up will be given later.
Theorem 6.1. Let (M, g) be an orientable closed Riemannian n-manifold with scalar
curvature≥ n(n − 1). Suppose there exists a (1,∧1)-contracting map f : M → S n of non-
zero degree and that the map f is harmonic with condition C ≤ 0, then f is an isometric
map.
Remark 6.2. The idea of the proof is based on Chern-Goldberg’s argument which was
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used to form the Riemannian version of the Schwarz lemma in [CG75] and their argument
originates in S.S. Chern’s results generalizing the Schwarz lemma to Hermitian manifolds
in [Che68]. In fact, the target of the map can be relaxed to general Einstein manifolds as
the proof shows.
Theorem 6.3. Let (X, d,Hn) be a compact non-collapsed RCD(n − 1, n) space with full
support and md(X) be the mean distance of (X, d,Hn), then
I. md(X) ≤ π2 .
II. md(X) = π2 if and only if X is isometric to the standard round n-sphere S
n and
Hn = adVol for some a, where dVol is the volume form of S n.
III. there is an ε(n) > 0 such that md(X) ≥ π2 − ε(n) implies that X is homeomorphic to S
n.
Remark 6.4. Mean distance is an old and well-studied metric invariant in Graph theory,
see [DG77]. Note that mean distance is also called distance covariance in Probability, see
[Lyo13].
Remark 6.5. We will use Ketterer’s maximal diameter theorem [Ket15, Theorem 1.4] and
Honda-Mondello’s topological sphere theorem [HM19, Theorem A] (for metric measure
spaces) to prove Theorem 6.3. We also define a whole family of variants of the concept of
mean distance for metric measure spaces and prove sphere theorem for all of them.
6.2 Harmonic maps with condition C
Let S n or (S n, gst) be the standard round n-sphere, then one has a lot of rigidity theorems
about S n. We will focus on the rigidity theorem with scalar curvature bounded below.
Definition 6.6. Let M and N be two Riemannian manifolds of the same dimension n. A
smooth map f : M → N is said to be ε-contracting if ‖ f∗ν‖ ≤ ε‖ν‖ for all tangent vectors v
on M.
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A map f : M → N is said to be (ε,∧k)-contracting if ‖ f ∗ϕ‖ ≤ ε‖ϕ‖, for all k-forms
ϕ ∈ ∧k(N) and 1 ≤ k ≤ n.
Notice that 1-contracting and volume contracting with contraction constant 1 means
(1,∧1)- and (1,∧n)-contracting, respectively. If f is (1,∧p)-contracting, then f is (1,∧p+k)-
contracting for k ≥ 1.
Theorem 6.7 (Llarull [Lla95]). For all n, k, D with n ≥ k ≥ 3 and D > 0 there exists
a Riemannian n-manifold Mn with scalar curvature≥ D and a (1,∧k)-contracting map
f : Mn → S n of degree 1.
In particular, a volume decreasing non-zero degree map for Mn (with scalar curvature
bounded below) into S n will in general not be an isometric map .
Confirming and generalizing Gromov’s conjecture [Gro86], Llarull showed the follow-
ing rigidity theorem by index theoretical method.
Theorem 6.8 (Llarull [Lla98]). Let (Mn, g) be a closed, connected, Riemannian spin
n-manifold with scalar curvature≥ n(n − 1). Assume there exists a 1-contracting map or
(1,∧2)-contracting map f : Mn → S n of non-zero degree, then f is an isometric map.
Note that the spin condition on Mn can be relaxed to require that the map f is a spin
map and S n can be replaced by a Riemannian manifold having non-negative curvature
operator and satisfying a certain harmonic spinor condition [GS02, Lemma 1.1]. Llarull’s
rigidity theorem also can be generalized to the weighted rigidity theorem 4.20 on metric
measure spaces with positive weighted scalar curvature. The spin condition can not be
removed in those two approaches, since the tools of the proofs are the index theory.
Here we will use harmonic maps to approach the rigidity problem about scalar curvature.
Furthermore, our argument can be applied to the rigidity question for arbitrary Einstein
manifolds.
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We follow the setup and notations in [GI76]. Let M and N be Riemannian n-manifolds
and ds2M and ds
2










1 + · · · + ω
∗2
n ,
where ωi (1 ≤ i ≤ n) and ω∗a (1 ≤ a ≤ n) are differential 1-forms in M and N, respectively.













Ri jklωk ∧ ωl.










Similar equations are valid in N and the corresponding quantities will be denoted in the
same notation with asterisks.





In the sequel, we will drop f ∗ from such formulas when its presence is clear from the
context.
Let ei (resp. e∗a) be the frame dual to the coframe ωi (resp. ω
∗





















Aai jω j (6.1)
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satisfying
Aai j = A
a
ji (6.2)
The following geometrical interpretation of Aai j was given by Chern-Goldberg [CG75,
P.136]: Let x ∈ M and let Tx and T f (x) be the tangent spaces at x and f (x), respectively.
The mapping











is quadratic and has the property that if ν is a unit vector, f∗∗(ν) is the acceleration vector
of f (γ) at f (x), where γ is the geodesic tangent to ν at x.




Notice that the tensor field with the components
∑
i
Aaii is the tension vector field of
Eells-Sampson [ES64] and it was proved by them that the mapping f is harmonic (in




Differentiating the equation (6.1) and using the structure equations in M and N, we get
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of volume elements has the expression A = det(Aai ). Let (B
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Vk jω j, (6.8)
where
V jk = Vk j.






6.2 Harmonic maps with condition C
Third, by differentiating (6.7), using (6.8), and simplifying, we get
1
2














































If f is harmonic, then the last term of (6.9) vanishes. That is, see [CG75, p.141, for-
mula (57)]















The geometric meaning of Condition C (6.10) is given by Chern-Goldberg [CG75,
p.142, Remark] as follows: the scalar C may be interpreted geometrically as a weighted
measure of the deviation of the square length of the tensor Ci jk from the square length of
its symmetric part, where Ci jk is the pullback of Aai j under f .













Since M is compact and f is of non-zero degree, V does attain its maximum at a point
x in M. Then V(x) > 0 and ∆V(x) ≤ 0. Notice that V(x) is independent of the choice of
the frame and coframe. At the point x, we choose a local g-orthonormal frame e1, . . . , en
on TxM and a local gst-orthonormal frame e∗1, . . . , e
∗
n on T f (x)S
n, such that there exists
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λ1 ≥ λ2 ≥ · · · ≥ λn > 0, with f∗ei = λie∗i . This can be done by diagonalizing f
∗gst with













2 ≤ R∗. (6.12)
On account of R∗ = n(n − 1), R ≥ n(n − 1), and C ≤ 0, we have
1
2
∆V(x) ≥ V(x)(R − n(n − 1)) ≥ 0.
Then combining V(x) > 0 and ∆V(x) ≤ 0, we get R = n(n − 1) and λi = 1 for all 1 ≤ i ≤ n.
That means f is an isometric map. 
In fact, the target of the map can be relaxed to an arbitrary Einstein manifold as (6.12)
shows.
Corollary 6.10. Let (N, g) be an orientable closed (Riemannian) Einstein n-manifold with
scalar curvature R∗ and (M, g) be an orientable closed Riemannian n-manifold with scalar
curvature R.
Suppose R ≥ R∗ and there exists a (1,∧1)-contracting map f : M → N of non-zero
degree and the map f is harmonic with condition C ≤ 0, then f is a locally isometric map.
If the fundamental group of N is trivial, then f is an isometric map.
Proof. As N is an Einstein manifold, the inequality (6.12) and R ≥ R∗ implies f is a locally
isometric map. 
Remark 6.11. It is not clear how to generalize Theorem 6.1 to smooth metric measure
spaces with weighted scalar curvature ≥ n(n − 1).
6.3 Non-collapsed RCD spaces and mean distance
The framework of Riemannian manifolds with Ricci curvature bounded below is gener-
alized to metric measure spaces (X, d, µ) satisfying a Riemannian curvature-dimension
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condition and these metric measure spaces are called RCD(κ, n) spaces.
Definition 6.12 (Non-collapsed RCD(κ, n) space). Let κ ∈ R, n ∈ N and n ≥ 1. The metric
measure space (X, d, µ) is called a non-collapsed RCD(κ, n) space, if
1. (X, d, µ) is an RCD(κ, n) space.
2. µ = Hn, whereHn is the n-dimensional Hausdorff measure with respect to the metric
d.
The concept of non-collapsed RCD(K,N) space was defined by De Philippis and Gigli
[DPG18, Definition 1.1]. In fact, De Philippis-Gigli showed that N must be an integer. The
proof of our theorem below is mainly based on the De Philippis and Gigli’s results.
Definition 6.13 (Mean distance). Let (X, d, µ) be a compact metric measure space with







Using Cheng’s maximal diameter theorem and Cheeger-Colding’s topological sphere
theorem [CC97], Kokkendorff [Kok08, Theorem 4] showed following theorem.
Theorem 6.14 (Kokkendorff). Let (M, g, dVolg) be a Riemannian n-manifold (n ≥ 2) with
Ricci curvature≥ n − 1, where dVolg is the Riemannian volume, then
1. md(M) ≤ π2 .
2. md(M) = π2 if and only if M is isometric to the standard round n-sphere (S
n, dS n).
3. there is an ε′(n) > 0 such that md(M) ≥ π2 − ε
′(n) implies that M is diffeomorphic to
S n.
We generalize Kokkendorff’s theorem to compact non-collapsed RCD(n − 1, n) spaces.
The strategy of the proof of Theorem 6.3 is the same as Kokkendorff’s proof, but we
need to replace Cheng’s maximal diameter theorem and Cheeger-Colding’s topological
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sphere theorem (for the Riemannian manifold) by Ketterer’s maximal diameter theo-
rem [Ket15, Theorem 1.4] and Honda-Mondello’s topological sphere theorem [HM19,
Theorem A] (for metric measure spaces).
The radius rad(X, d) of a metric space (X, d) is defined by





Before giving the proof of Theorem 6.3, let us collect the relevant properties of a
non-collapsed RCD(n − 1, n) space with full support so that we can use them in the proof.
(1). The diameter diam(X, d) is at most π (in particular rad(X, d) ≤ π) [Ket15, Theo-
rem 4.8].






for any x ∈ X and 0 ≤ r ≤ Rπ, where Br(x) is the closed r-ball with center x in X, Bs









for any x ∈ X and 0 ≤ r ≤ R ≤ π [DPG18].
(3). [Ketterer’s maximal diameter theorem ] If rad(X, d) = π, then (X, d) is isometric to
(S n, dS n) [Ket15, Theorem 1.4].
(4). [Honda-Mondello’s topological sphere theorem] For all n ∈ N≥2 there exists a positive
constant ε1(n) > 0 such that if a compact metric space (X, d) satisfies that rad(X, d) ≥
π − ε1(n), and that (X, d, µ) is an RCD(n − 1, n) space for some Borel measure µ on
X with full support, then X is homeomorphic to the n-dimensional sphere [HM19,
Theorem A].
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Proof of Theorem 6.3. Since the diameter of a non-collapsed RCD(n − 1, n) space is at
most π, we can apply the argument in the proof of Theorem 1.3 in [ES21] to prove I.


















where Bs(x) is the closed s-ball with center x in X. We have the generalized Bishop-















As md(S n) = π2 is shown by Kokkendorff above, we have md(x) ≤
π
2 . That means
md(X) ≤ π2 .
If we have equality md(X) = π2 , then the Bishop-Gromov inequality (6.13) must be
equality for all 0 ≤ s ≤ π. It implies that for µ0-a.e. point x there must exists a point x′ with
d(x, x′) = π. And this must hold even for every x ∈ X, because X is compact and µ0 has
full support. Therefore, rad(X) = π and then (X, d) is isometric to (S n, dS n) by Ketterer’s
maximal diameter theorem.
We will prove Theorem 6.3 by showing that md(X) close to π2 implies that rad(X, d) is
closed to π and then applying Honda-Mondello’s topological sphere theorem.
We will prove the claim by contradiction. Suppose that there exists x0 ∈ X such
that D(x0) < π − ε1(n) and the x0 realizes rad(X, d). Here we take ε1(n) from Honda-
Mondello’s topological sphere theorem. Then µ0(Bs(x0)) will achieve its maximum value 1
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Since D is 1-Lipschitz, we have
D(y) < π −
ε1(n)
2
for any y ∈ B ε1(n)
2








for any y ∈ B ε1(n)
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, n) > 0.
Then md(X) ≥ π2 − ε(n) implies rad(X, d) ≥ π − ε1(n). Otherwise, it would be a
contraction. Then X is homeomorphic to the n-dimensional sphere by Honda-Mondello’s
topological sphere theorem. 
Inspired by the concept of mean distance, one can define similar metric invariants. For
a compact metric measure space (X, d, µ) with full support, given a continuous function







And then one can try to generalize Theorem 6.3 to the Mα(X) case.
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where f : [0, π]→ R is a continuous and strictly increasing function.
Theorem 6.15 (Erbar-Sturm). Let (X, d, µ) be a compact non-collapsed RCD(n − 1, n)
space with n ≥ 1, then Mf(X) ≤ M∗f,n and Mf(X) = M
∗
f,n if and only if X is isometric to the
standard round n-sphere S n.
Erbar-Sturm also noticed that an analogous statement (with Mf(X) ≥ M∗f,n in place of
Mf(X) ≤ M∗f,n) holds for strictly decreasing f . Without loss of generality, let us assume that
f is continuous and strictly increasing. Then we have the following corollary by combining
Erbar-Sturm’s Theorem and the proof of Theorem 6.3.
Corollary 6.16. Let (X, d,Hn) be a compact non-collapsed RCD(n − 1, n) space with full
support, then there is an ε2( f , n) > 0 such that Mf(X) ≥ M∗f,n − ε2( f , n) implies that X is
homeomorphic to S n.
Proof. We only need to show that Mf(X) close to M∗f,n implies that rad(X, d) is closed to π.
We will prove the claim by contradiction.
Suppose that there exists x0 ∈ X such that D(x0) < π − ε1(n) and the x0 realizes
rad(X, d). Here we take ε1(n) from Honda-Mondello’s topological sphere theorem. Let
g(y) := f (dX(x0, y)), µ0 := H
n
Hn(X) , and Mf(x0) :=
∫
X
g(y)µ0(dy), then µ0(Bs(x0)) will achieve
its maximum value 1 for s < π − ε1(n).
Hence, we get the estimate









]ds := M∗f,n − δ1( f , ε1(n), n).
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Since D is 1-Lipschitz and f is continuous and strictly increasing, we have




for any y ∈ B ε1(n)
2
(x0). This implies that we have the estimate




for any y ∈ B ε1(n)
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, n)) > 0.
Then Mf(X) ≥ M∗f,n−ε(n) implies rad(X, d) ≥ π−ε1(n). Otherwise, it would be a contraction.
Then X is homeomorphic to the n-dimensional sphere by Honda-Mondello’s topological
sphere theorem.

Remark 6.17. The result of Corollary 6.16 is even new (for f , id) for a Riemannian
n-manifold with Ricci curvature bounded below by n(n − 1).
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